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Preface

SCSS 2024 is the 10th edition of the 10th International Symposium on Symbolic Computation in Software
Science. The symposium aims to promote research on the theoretical and practical aspects of symbolic
computation in software science in the context of modern computational and arti�cial intelligence
techniques. It will be held in Tokyo from August 28 to 30.

The symposium has three main types of presentations:

• the keynote and invited talks
• formal full papers
• works in progress.

This volume contains the record of the Work in Progress of SCSS 2024. The formal full papers and the
abstracts of the keynote and invited talks appear in the Springer Lecture Notes series as LNAI 14991.

What is the meaning of the symposium name “symbolic computation in software science”? Symbolic
computation is the science of computing with symbolic objects (terms, formulae, programs, represen-
tations of algebraic objects, and so on). Powerful algorithms have been developed during the past
decades for the signi�cant subareas of symbolic computation: computer algebra and computational logic.
These include resolution proving, model checking, provers for various inductive domains, rewriting
techniques, cylindrical algebraic decomposition, Gröbner bases, characteristic sets, and telescoping for
recurrence relations. These algorithms and methods have been successfully applied in various �elds.
Software science has the goal of applying scienti�c principles in the development of software and
covers a broad range of topics in software construction and analysis. One of the main objectives is to
enhance software quality. The SCSS meetings bring these �elds together, allowing the ideas from each
to enhance the other.

Over the years, the scope of SCSS has evolved, incorporating new research themes that drive progress
in symbolic computation in software science. Some of the recurring topics in the SCSS meetings have
been:

• Theorem proving methods and techniques
• Algorithm synthesis and veri�cation
• Formal methods, including for the analysis of network security
• Complexity analysis and termination analysis of algorithms
• Extraction of speci�cations from algorithms
• Generation of inductive assertions for algorithms
• Algorithm transformations
• Component-based programming
• Symbolic methods for semantic web and cloud computing.

The present instance of SCSS builds on these themes.

The abstracts and papers presented here emphasize symbolic computation, formal systems, and appli-
cations of formal methods. After �fteen years, the foundational framework stands �rm, continually
incorporating innovative developments in SCSS domains.

August 2024 Katsusuke Nabeshima
Stephen M. Watt
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Improving LLM-based Code Completion Using LR
Parsing-Based Candidates
Md Monir Ahammod Bin Atique1,†, Kwanghoon Choi1,⇤,†, Isao Sasano2 and Hyeon-Ah Moon3

1Chonnam National University, Gwangju 61186, South Korea
2Shibaura Institute of Technology, Tokyo, Japan
3Sogang University, Seoul, South Korea

Abstract
Programmers often use syntax completion and code suggestion features. Our methodology enhances code com-
pletion by combining structural candidate information from LR parsing with LLMs. These structural candidates
are utilized to compose prompts so that ChatGPT can predict actual code under the speci�ed structure. Tested
on Small Basic and C benchmarks, this approach o�ers textual suggestions rather than just structural ones,
showing nearly 50% prediction accuracy for Small Basic programs. While e�ective for Small Basic, we report that
challenges remain with C11 programs.

Keywords
Syntax Completion, Large Language Model, LR parsing, Integrated Development Environments

1. Introduction

Many integrated development environments (IDEs), such as Visual Studio Code, provide syntax com-
pletion features that ease the editing process for various programming languages. Developers of IDEs
should prioritize incorporating syntax completion for each supported language. To make the process
more e�cient and cost-e�ective, it is bene�cial to approach this implementation methodically, guided
by a detailed speci�cation.
An analytic approach is based on syntax analysis using the well-developed LR parsing theory [1].

Sasano & Choi [2] de�ned code completion candidates � for a pre�x ↵� as su�x sentential forms
derived from a start symbol S if there is a production A ! �� in the LR grammar so that �� can be
reduced to a nonterminal A. Figure 1 describes this idea.

Figure 1: The idea of structural candidates for code completion using LR parsing [2]

For example, on a request for a code completion on (the part of) a pre�x ‘For i = 1’, � is ‘For ID =
Expr’, which is a sequence of terminal and noterminal symbols describing the beginning of the for loop.
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Sasano & Choi’s method [2] [3] can automatically uncover a candidate �, which is ‘To Expr OptStep
CRStmtCRs EndFor’ to complete the rest of the for loop by a production ‘Stmt → For ID = Expr To Expr
OptStep CRStmtCRs EndFor’. Consequently, IDEs will respond with this candidate � to the request
for a code completion on ‘For i = 1’. Their continuing research [4] proposed a ranking method useful
to choose more likely candidate than the others when there are more than one candidate possible
for a pre�x. It pre-investigates the frequencies of the occurrences of the candidates in the existing
open-source projects.
These methods [2][3] [4] are advantageous. The suggested candidates are guaranteed to be correct

syntactically, ranking can be customized for an individual software project, and this method can be
implemented in a programming language agnostic way.

However, the suggested candidates by the methods are limited to the form of terminal and noterminal
symbols. After choosing a candidate, programmers should manually edit it into a code text, which
diminishes productivity. Determining such a code text for a candidate is beyond the LR parsing-based
syntax analysis.

In this work, we study how Large Language Model [5] can complement these methods. Given a pre�x
text for ↵�, the LR parsing based method �rstly suggests a candidate �, and the LLM produces a code
completion satisfying the structure of the suggested candidate for the given pre�x text. For example,
our system can automatically compose a prompt to the LLM as

This is the incomplete Small Basic programming language code:
1: For i = 1 To 5
2: TextWindow.Write("User" + i + ", enter name: ")
3: name[i] = TextWindow.Read()
4: EndFor
5: TextWindow.Write("Hello ")
6: For i = 1 {To Expr OptStep CRStmtCRs EndFor}

Complete the {To Expr OptStep CRStmtCRs EndFor} part of the code.
Just show your answer in place of {To Expr OptStep CRStmtCRs EndFor}.

where the suggested structural candidate is placed inside the braces. Then the LLM successfuly returned
exactly what we expected as this.

6: To 5
7: TextWindow.Write(name[i] + ", ")
8: EndFor

Thus the two approaches can complement each other. The LR parsing based analytic approach can
precisely specify the syntactic code structure to complete, while the LLM-based statistical approach can
predict the code text under the speci�ed structure. According to [4], the top 1.8 suggested candidates in
the SmallBasic programs and the top 3.15 suggested candidates in the C11 programs on average were
found to be what are expected for testing. This evaluation results imply that candidates in the form of
the rest structural candidates should not be considered by the LLM. Composing prompts using the top
suggested structual candidates will be e�ective to instruct the LLM to exclude the bottom ones for code
completion.
To the best of our knowledge, this is the �rst attempt to guide an LLM using prompts that utilize

candidate structural information obtained from LR-parsing. We report ongoing work in this direction.
Our contributions are as follows.
Firstly, we propose a code completion prediction method that combines LR-parsing-based ranking of

candidate skeletons with Large Language Model (LLM)-based �eshing out of those skeletons.
Secondly, we have setup an environment to evaluate the proposed method and report initial results

using SmallBasic and C11 benchmarks.
Section 2 introduces our system and presents initial evaluation results . Section 3 compares our work

with existing research. Section 4 concludes the paper with future work.
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2. An Overview of Our System and Its Evaluation

Figure 2 shows an overview of our system. The system operates in two phases. The collection phase
constructs a database from sample programs, mapping parse states to sets of ranked candidates. The
query phase retrieves a sorted list of candidates based on their ranks for a parse state corresponding
to a given cursor position being edited. The top suggested structural candidates are chosen from the
sorted list to compose a prompt, and then the LLM �eshes out the structural candidates to produce
textual candidates, which will be displayed to the programmer for code completion.

Figure 2: Overview of our system

In this work, we focus on one aspect of this system: automatically composing prompts to the LLM
using structural candidates o�ered by the LR-based method is feasible and is an advancement to the
previous work [4] in that this system can now suggest textual candidates rather than structural candiates.
Under this goal, we design an experiment to evaluate the e�ectiveness of using ChatGPT for code

completion suggestions and to o�er structural candidates (composed of terminals and nonterminals) to
guide these suggestions. Our proposed system can be assessed by addressing the following two research
questions (RQ):

• RQ1: Does the proposed system o�er textual (actual) candidate suggestions with the aid of LLM
such as ChatGPT that are bene�cial in introductory programming?

• RQ2: Is it reasonable to implement the system as a language-parametric tool?

In order to address the above research questions, our methodology includes the following steps. Selec-
tion of Programming Languages: We selected two programming languages, Microsoft SmallBasic
(MSB) and C11, for our experiments as in the previous work [4]. These languages are popular choices
for introductory programming. Data Collection: The testing set for SmallBasic was obtained from
its community. It consists of 27 programs totaling 155 lines taken from the well-known MSB tutorial.
Talking about C, the test set of C11 comprises 106 programs (11,218 lines in total) that are solutions from
the well-known book on the C programming language by Kernighan and Ritchie. Pre�x Extraction:
Pre�xes were collected from the source code �les, along with cursor position information. This informa-
tion was obtained from candidates’ database by the lexical analysis in the LR parsing-based method [4].
Prompt Engineering: Using the collected pre�x and structural candidate data, we crafted prompts for
ChatGPT. In this experiment, we selected the ‘gpt-3.5-turbo-0125’ model for its better performance with
code completion. These information were then fed into the ChatGPT prompt to ask for substitutes for
our structural candidates into actual candidates. We compared the answers provided by ChatGPT with
the correct answers from our database. Evaluation: The responses from ChatGPT were evaluated using
well-known techniques such as SacreBLEU, which is a popular method for assessing large language
models and SequenceMatcher similarity. The SacreBLEU score measures the n-gram (sequences of n
items, typically words or characters) similarity between the reference code sequence and the generated
code sequence. It counts how many n-grams in the generated code sequence match (token-by-token)
n-grams in the the reference code sequence. The SequenceMatcher is a class available in python module
named “di�ib”. It compares the similarity between two sequences of strings (in terms of characters)
by identifying the best alignment between them. Given two sequences, �nd the length of the longest
subsequence present in both of them. Here, we used the parameter isjunk=None so that no elements
are ignored. The data set as well as the developed software are all available in the public repository 1.

1https://github.com/monircse061/ChatGPT-Code-Completion-Work
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We present a summary of the experimental results for both MSB and C11 which is dipicted in Table 1.
For MSB, we experimented with 27 programs where, for each program, we iterated our system for each
structural candidate, calculated the evaluating metrics values, and then averaged the precision for the
whole program. This process was done for every program. Finally, we calculated the mean precision
for the 27 programs in terms of SacreBLEU and sequence matcher similarity. On average, our system
predicts the textual code suggestion with over 45% accuracy for each testing program when using
SacreBLEU as an evaluation metric. Precision is almost similar at nearly 45% when sequence matcher
similarity is taken into account. The similar process was used with C11. For 106 C11 programs, the
average SacreBLEU score is 21.463%, indicating that our system forecasts the correct code completion
suggestions. Sequence matcher similarity is nearly the same for C11.

Table 1
Experimental results (precision) on specific languages

PLs Microso� SmallBasic (%) C11 (%)

SacreBLEU Precision 45.247 21.463
Sequence Matcher Precision 44.354 20.384

To show the e�ectiveness of guidance by a structural candidate, we discuss a case representing the
best prediction of our system as this. In the MSB experiment case depicted in Figure 3, line 2600 marks
the parse state and cursor position, followed by the next few lines (2602 to 2612), which provide the
prompt for the ChatGPT. Lines spanning from 2603 to 2608 represent the pre�x code. Subsequently, a
candidate structure appears in line 2609: ‘To Expression OptStep CRStmtCRs EndFor’. It interprets that
the actual candidate should be ‘To 5 \n TextWindow . Write ( name [ i ] + ", " ) \n EndFor’, which is
shown in line 2618. Line 2614 outlines the time taken from the query to the ChatGPT response, which
is 0.6903 seconds. In this candidate structure, the response generated by ChatGPT is highly accurate.
The precision at the unigram level (1-gram) is 100% which is seen at line 2621, and other metric also
show satisfactory result (line 2622). This example demonstrates that our candidate suggestion plays a
crucial role in guiding ChatGPT’s responses. Each terminal and non-terminal component contributes
to achieving an accurate result from ChatGPT.

2600: Parse State: 85Cursor Position: 6 11
2601:
2602: This is the incomplete Small Basic programming language code:
2603: For i = 1 To 5
2604: TextWindow.Write("User" + i + ", enter name: ")
2605: name[i] = i
2606: EndFor
2607: TextWindow.Write("Hello ")
2608: For i = 1
2609: ‘To Expression OptStep CRStmtCRs EndFor’
2610: Complete the ‘To Expression OptStep CRStmtCRs EndFor’ part of the code
2611: in the Small Basic programming language. Just show your answer in place
2612: of ‘To Expression OptStep CRStmtCRs EndFor’.
2613:
2614: Time taken: 0.6902937889099121 seconds
2615: Received response: To 5
2616: TextWindow.Write(name[i] + ", ")
2617: EndFor
2618: Actual result: To 5 \n TextWindow . Write ( name [ i ] + ", " ) \n EndFor
2619: SACREBLEU Score: {‘precisions’: [100.0, 86.66666666666667, 78.57142857142857,
2620: 76.92307692307692], ‘sys_len’: 16, ‘ref_len’: 20}
2621: First element of precision:100.0
2622: Sequence Matcher Similarity Precision:0.8462619469026548

Figure 3: High Prediction Result (MSB)

Based on the evidence provided, we can answer Research Question 1 in the a�rmative.
Using ChatGPT with LR parsing-based structural candidates is e�ective in providing code completion
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suggestions for introductory programming languages, particularly for MSB. Our system shows correct
suggestions with minimal pre�xes (hints), which is notable. This indicates that the system can be
bene�cial in educational contexts where MSB is used. However, improvements are needed to increase
precision, especially for more complex languages like C11. The precision for C programs in C11 is
low due to short candidate structures like ’[’, ’;’ and complex, hard-to-infer structures. Additionally,
predicting the next token or line of code with minimal pre�x is challenging, especially in long �les.

On answering the second research question, based on the successful application of our system to the
two programming languages, we can claim that our code completion system is language-agnostic. This
system can be incorporated into any programming language.

3. Related Work

There are various studies conducted up to now which use large code base and/or machine learning
to code completion. One is by Svyatkovskiy et al. from Microsoft, who introduced a system named
IntelliCode Compose [6]. This system leverages GPT-C, a variant of OpenAI’s GPT-2 [5], trained on a vast
dataset of program source code. It is designed to generate sequences of tokens that form syntactically
correct language constructs, such as statements containing local variables, method names, and keywords,
for languages including C#. Another study by [7] explored identi�er completion with ranking candidates.
They sought solutions to improve the e�ciency of the completion process. Rather than relying on pre�x
matching, used in many completion systems, they introduced subsequence matching, where user-input
sequences of characters are compared to names containing them, even if they are non-consecutive.
Recently a study by [8] delved into method invocation and �eld access completion. Nguyen et al.
[9] combined program analysis and langauge model for completing a partially-input statement or
suggesting a statement that immediately follows the current statement if it is a complete one. Gabel
et al. [10] �rst observed the regularity of software code mentioned above. There are in�nitely many
syntactically valid statements, but there are much smaller, or may even be �nite, number of pracitally
useful statements. Liu et al. [11] presented a non-autoregressive model for concurrently computating
candidates, each of which is a line of code starting at the cursor position. 10 lines of code immediately
before the current empty line is given to the completion system when programmers write code, and
also 10 lines of code immediately before every line is given as training data together with the current
line. They also use some information of tokens such as keywords, identi�ers, operators, etc.

4. Conclusion and Future Work

In this research, we introduced a method for automatically composing prompts to the LLM using
structural candidates o�ered by the LR-based method and assessed the method using two programming
languages. Compared to the the previous work [4], this system can now suggest textual candidates rather
than structural candiates. By using structural candidates in the prompts, the system can e�ectively
instruct the LLM to exclude the bottom structural candidates for code completion.
There are many topics for future work. A few important topics are to build an IDE for usability

evaluation, to measure the e�ectiveness of structural candidates in the prompts to the LLM, and to
compare the prediction performance of our system with that of the others particularly based on the
Large Language Models.
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Faster bivariate lexicographic Gröbner bases modulo xk
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Abstract

Given t bivariate polynomials f1, . . . , ft œ K[x, y], and an integer k we report a work-in-progress to

compute a minimal, not reduced, lexicographic Gröbner basis of the ideal Èf1, . . . , ft, x
kÍ in O

≥(td2
k),

where d is an upper bound on the y-degree of the fi’s. Using the fast normal form algorithm of Schost

& St-Pierre [1], this implies that we can compute its reduced Gröbner basis in O
≥(td2

k + s
2
dk) where

s is the number of polynomials contained in the output Gröbner basis. In many instances this improves

the algorithm of Schost & St-Pierre [2] based on the Howell matrix normal form that runs in time

O
≥(tdÊ

k).

Keywords

Gröbner bases, Lexicographic order, Bivariate, Euclidean division

1. Introduction

Background Lexicographic Gröbner bases (lexGb for short) play a fundamental role when
manipulating polynomial systems due to the elimination property that they are endowed with.
But the lexicographic order often does not behave well with standard Gröbner bases algorithms [3],
whereas the degree reverse lexicographic order has been often observed to behave the best among
monomial orders when computing a Gröbner basis. This is grounded in strong theoretical
evidences [4, 5]. As a result, a standard strategy to compute a zero-dimensional lexGb consists
first in computing a Gröbner basis for the degree reverse lexicographic order with efficient modern
algorithms like F4, F5 [6, 7] and then proceed to a change of order algorithm [8] to compute the
reduced lexGb.

In the case of two variables only, the situation is different. For t polynomials f1, . . . , ft œ K[x, y],
of maximal degree d in y, and total degree dtot, Schost and St-Pierre in [2], obtains a running
time in O

≥(tÊ
d

Ê
dtot) when at least one fi has for leading monomial y

d. As usual Ê is the
exponent of matrix multiplication. This algorithm computes the Hermite normal form of a
generalized Sylvester matrix of the input polynomials, extending the case t = 2 treated by
Lazard [9, Section 5].

The same article [2] also considers computing the reduced lexGb modulo x
k, that is of the

ideal Èf1, . . . , ft, x
k
Í. The idea is to work in the ring R = K[x]/x

k and to compute the Howell
normal form of a generalized Sylvester matrix of the fi œ R[y]. This Howell normal form is the
adaptation of the Hermite normal form for matrices of polynomials with coefficients in R. The
cost can be made of O

≥(tdÊ
k).

Result We consider here the more general moduli P
k, for P an irreducible polynomial in K[x]

of degree dP . In this paragraph we let dP = 1 to simplify comparisons. Our algorithm based on
Euclidean division works in O

≥(td2
k) and computes a minimal but not reduced Gröbner basis.

Schost & St-Pierre’s normal form algorithm. The cost of reducing this minimal lexGb is due to
another article of Schost & St-Pierre [1, Section 4] and is better stated in term of the output lexGb
H = (hs, . . . , h0). Assume that lm(hs) ª · · · ª lm(h0), where ª stands for the lexicographic
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order with x ª y. Under our setting we have hs = P
k, and if we let degx(P ) = 1 like when

P = x, then degx(hs) = k. Let degy(h0) = n0 be the largest y-degree of the polynomials in
H, and let s + 1 = |H| be the number of polynomials in the output. Then reducing H costs
O

≥(s2
n0k) (see [1, Prop. 4.4 & Prop. 5.1]).

Note that s Æ min{k, d} and n0 Æ d. So we obtain an algorithm that computes the reduced
lexGb in O

≥(td2
k + s

2
n0k), always within O

≥(td2
k + s

2
dk). This is comparable or better than

O
≥(tdÊ

k) as soon as s
2
n0 = O(tdÊ). In the case t = O(1) and s ¥ d = k, we obtain O

≥(d4)
which is worth than O

≥(dÊ+1). But in many cases, the asymptotic complexity is better.

Implementation The articles [2, 1] do not mention any implementation. Indeed, implementations
of the Howell normal form are apparently seldom and not available publicly — at least in major
computer algebra systems. We only found Chapter 4 of the PhD thesis of Storjohann which gives
the complexity of O

≥(dÊ
k), see [10, Theorem 4.6], and from which originates the result of [2].

On the other hand, since the presented algorithm that computes a minimal non-reduced lexGb
in O

≥(td2
k) can be compared to the quadratic-time standard Euclidean algorithm, it is efficient

up to fast univariate arithmetic (polynomial operations involving the x-variable only). Our
implementation in Magma (available at http://xdahan.sakura.ne.jp/lexgb24.html) supports this
claim. As for the normal form algorithm modulo a reduced Gröbner basis of Schost & St-Pierre [1,
Section 4], making an implementation efficient is an interesting challenge. For now we resorted
here to the internal Magma command “Reduce” (in orange).

Some timings We tested the algorithm for two input polynomials modulo x
k:

ak ©

A
kŸ

i=1
(y + i + x + · · · + x

i)
B

, bk © (y + 1 + 2x)
A

kŸ

i=2
(y + i + x + · · · + x

i≠1 + 2x
i)

B

The reduced lexGb of Èak, bk, x
k
Í has s + 1 = k + 1 polynomials (the maximum possible) and is

dense (it has O(k3) coefficients). Therefore, this family of examples is suitable for benchmarking
as it involves worst case situations: the number of recursive calls is maximal, the cost of the
normal form is maximal. Note also that taking only t = 2 polynomials as input is not restrictive
since recursive calls involve more polynomials in the input. We report below on timings for
k = 30, 40, . . . , 120 (left) and k = 70, 140, . . . , 250 (right) over a prime finite field of 64bits. With
t = O(1), k ¥ d, the theoretical cost to obtain a minimal lexGb is O

≥(k3). The internal command
Reduce of Magma becomes quickly the bottleneck (in orange. Time > 500s for k > 200, timings
are not displayed). Without surprise, its timing grows faster than the cost of the fast version
of Schost & St-Pierre, which is here O

≥(k4) (it seems to be closer to something in O
≥(k5)).

Although we could not compare with the Howell form approach of [2], we could compare with
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the internal Gröbner engine of Magma by calling GroebnerBasis([a, b, x
k]) (red, until k = 100).

As already reported in [11], the timings are incomparably slow.

Scope The motivation behind working modulo P
k is twofold. Firstly, this serves as a skeleton for

a similar algorithm that tackles the more general input Èf1, . . . , ft, T Í for an arbitrary polynomial
T œ K[x], not necessarily the power of an irreducible one. See [11], which utilizes dynamic
evaluation, for a detailed account when t = 2. Secondly, we would like to target the reduced lexGb
H of the general input Èf1, . . . , ftÍ, not modulo a univariate polynomial, with our Euclidean-
division based algorithm. After the work [11], a natural question asks how can we compute the
lexGb of two polynomials f1, f2 from their subresultant sequence? To this end, it is enlightening
to access the lexGbs modulo P

ki
i , where P

ki
i runs over the primary factors of the elimination

polynomial of the (fj)j ’s. The work [12] then permits to understand how these lexGbs can
reconstruct H via Chinese remainders. These remarks lead to a reasonable hope to compute a
minimal lexGb faster than the O

≥(tÊ
d

Ê
dtot) of [2].

Treating only two variables is clearly limited. Yet, all aspects shall be mastered as there
is a cliff in difficulty when considering more than two variables: no general form of Lazard’s
structural theorem [9] which is key in this work and in [2, 1]. Let us mention though the radical
case where some sort of generalizations of Lazard’s theorem have been shown [13, 14, 15]. The
Euclidean algorithm based approach certainly helps to understand where this difficulty stems
from. One aspect of it can be related to the absence of a MonicForm routine (see Eq. (1))
that would transform a nilpotent polynomial, say in K[x, y, z] modulo a primary ideal in K[x, y].
Think of f = xz

2 + yz + x + y, nilpotent modulo the primary Èx
2
, y

2
Í µ K[x, y]. It appears

that the reduced lexGb of the ideal Èf, y
2
, x

2
Í is [f, y

2
, xy, x

2]. Observe the new polynomial
xy introduced with the smaller variables x and y. This phenomenon does not appear for two
variables only. Therefore, the Euclidean division approach helps to understand better the case of
three variables or more.

Related works Recently, articles dealing with bivariate Gröbner bases have flourished. A
number of them address the question of quasi-optimal asymptotic complexity estimates, with
adequate genericity assumptions, and the relation with the resultant [16, 17, 18, 19, 20]. Focusing
on non-generic lexGbs, the work [11] from which the present work is inspired, generalizes dynamic
evaluation to a non-squarefree modulus. We have already cited [2, 1]. Besides the fast normal
form in Section 4, the article [1] introduces a fast Newton iteration for general bivariate lexGbs.

2. The algorithm

Overview It is based on ideas introduced in [11], which is constrained to two input polynomials
a and b. Let us summarize the content of the first part of [11] which focuses on working modulo
P

k (the second part focuses on working modulo an arbitrary monic univariate polynomial). The
divisions occurring in the Euclidean algorithm of a and b modulo P

k require invertible leading
coefficients. In the ring R = K[x]/ÈP

k
Í elements are either invertible or nilpotent. Weierstrass

preparation theorem realized by Hensel lifting permits to circumvent this difficulty, by calculating
a “monic form”: Given f̃ œ K[x, y] reduced modulo P

k, we denote f, Cf Ω MonicForm(f̃ , P
k)

where:

Cf = gcd(content(f̃), P
k) œ K[x], f is monic in y, Èf̃ , P

k
Í = ÈCf f, P

k
Í. (1)

The Euclidean algorithm can be pursued with the monic f , and Cf f will be part of the lexGb.
We adapt this strategy to design the main algorithm H Ω Add(f, G) where G is a minimal

lexGb such that G flK[x] = ÈP
kÕ

Í with k
Õ
Æ k, f œ K[x, y] and H is a minimal lexGb of ÈfÍ + ÈGÍ.

Assuming for the moment this algorithm correct and running in time O
≥(d2

k
Õ), the general

algorithm 1 “lexGb” has the following worst-case complexity:
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Algorithm 1: G Ω lexGb(f1, . . . , ft; P
k)

Input: Bivariate polynomials f1, . . . , ft. Power of an irreducible polynomial P
k

œ K[x].
Output: reduced lexGb of Èf1, . . . , ft, P

k
Í

1 f1, . . . , ft Ω f1 mod P
k
, . . . , ft mod P

k // O
≥(tddx) or free

2 G Ω [P k]
3 for i=1,. . . ,t do

4 G Ω Add(fi, G) // O
≥(d2

kdP )
5 return Reduce(G) // Reduce based on the normal form of [1, Section 4]. O

≥(s2
n0k)

Theorem 1. Let d be the maximal degree in y of the polynomials f1, . . . , ft. Let dx their maximal
degree in x. Let dP = degx(P ). Algorithm 1 computes a minimal lexGb of Èf1, . . . , ft, P

k
Í in

O
≥(td2

kdP + tddx).
If the input polynomials are reduced modulo P

k, or if P = x then the cost is O
≥(td2

kdP ).
The reduced lexGb requires additionally O

≥(s2
n0k) operations in K, where s = |G|, n0 =

degy(g0) is the largest y-degree of the polynomials in the output.

Algorithm 2: Add(g, G)
Input: g œ K[x, y], G = [g0, . . . , gs] minimal lexGb modulo P

k = gs

Output: minimal lexGb of ÈgÍ + ÈGÍ

6 if G == [constant] then

7 return [1]
8 f, Cf Ω MonicForm(g, P

k) // ÈCf f, P
k
Í = Èg, P

k
Í, f monic, Cf œ K[x]

9 if f == 1 then

10 return AddUnivariate(Cf , G) //Special “easy” case where input polynomial œ K[x]
11 if |G| == 1 then

12 return [Cf f, P
k]

13 return AddGeneric(f, Cf , G) // Output generates ÈCf fÍ + ÈGÍ

The main algorithm 2 “Add” The purpose is given a minimal lexGb G as above, not necessarily
zero-dimensional, and a polynomial f œ K[x, y] to construct a minimal lexGb of the ideal ÈfÍ+ÈGÍ.
Thus, it is interesting for its own. It builds upon Euclidean divisions, the key point consists
in obtaining a degree (in y) decrease through a Euclidean division (see Lines 24 and 34), and
then to proceed to adequate recursive calls, with smaller input data (Lines 21 and 23). The
algorithm 2 “Add” actually only treats base cases, and then calls Algorithm 3 “AddGeneric”,
whose input are amenable to recursive calls. One base case is when f œ K[x] (Line 10) treated
apart in the “easy” AddUnivariate. We omit this short algorithm in this work-in-progress
report. Otherwise Algorithm 3 AddGeneric, called at Line 13, treats “generic” input: f monic,
reduced modulo P

k, and df := degy(f) Ø 1. Its role essentially boils down to managing four
cases. Write G = [g0, . . . , gs] (lm(gs) ª · · · ª lm(g0), so that gs = P

k and degy(g0) = n0).

1. Case distinction: ¸ > k or ¸ Æ k (equivalently Cf - gs = P
k or Cf | gs)

2. Subcases distinction: df Æ n0 or df > n0

The first case distinction is treated by renaming variables (if-test at Line 16). The subcase
distinction (if-test at Line 20) leads to call two subroutines AddTwoA and AddTwoB which
looks very similar, but with key differences.

Algorithms AddTwoA and AddTwoB The input are monic bivariate polynomials a, b, monic
univariate polynomials Ca, Cb which are powers of P , and a minimal lexGb G modulo P

k.
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Algorithm 3: AddGeneric(f, Cf , G)
Input: f œ K[x, y] monic degy(f) Ø 1, Cf = P

t
œ K[x], G minimal lexGb modulo P

k

Output: minimal lexGb of ÈCf fÍ + ÈGÍ

14 Let G = [g0, . . . , gs≠1, P
k], and write g0 = M0 g0,y

15 Ca Ω gcd(M0, Cf ) // Ca = Cf or Ca = M0
16 if Ca == Cf then

17 a Ω f, b Ω g0,y, Cb Ω M0 // Cbb = g0
18 else

19 b Ω f, a Ω g0,y, Cb Ω Cf // Caa = g0

20 if degy(a) > degy(b) then // Always holds ÈCa a, Cb b, P
k
Í = ÈCf f, g0, P

k
Í

21 return AddTwoA(a, b, Ca, Cb, GØ1) // lexGb of ÈCa a, Cb bÍ + Èg1, . . . , gsÍ

22 else

23 return AddTwoB(a, b, Ca, Cb, GØ1) // lexGb of ÈCa a, Cb bÍ + Èg1, . . . , gsÍ

Additional degree constraints on a, b, Ca, Cb depend on one or the other algorithm. The output
is a minimal lexGb of ÈCa a, Cb bÍ + ÈGÍ (whence the name “AddTwo”). The key point is the
degree decrease obtained by the Euclidean division at Lines 24 and 34. Then they undertake
recursive calls. These divisions henceforth imply the complexity stated in Theorem 1.

Algorithm 4: AddTwoA(a, b, Ca, Cb, G)
Input: 1. a, b œ K[x, y] monic, degy(a) > degy(b)
2. Ca, Cb œ K[x] powers of P , Ca | Cb | P

k,
3. G minimal lexGb modulo P

k, and degy(a) > degy(G)
Output: minimal lexGb of ÈCa a, Cb bÍ + ÈGÍ

24 r Ω a mod b // b monic. Over R = K[x]/È
P k

Cb
Í. It holds ÈCb a, Cb b, P

k
Í = ÈCb b, Cb r, P

k
Í

25 if r © 0 mod g1
Cb

then // Here ÈCb a, Cb b, P
k
Í = ÈCb b, P

k
Í

26 G
ÕÕ

Ω Add(b,
1

Cb
G) // Here ÈCb G

ÕÕ
Í = ÈCb bÍ + ÈGÍ

27 else

28 G
Õ
Ω Add(r,

1
Cb

G) // ÈCbG
Õ
Í = ÈCb rÍ + ÈGÍ

29 G
ÕÕ

Ω Add(b, G
Õ) // ÈCbG

ÕÕ
Í = ÈCb bÍ + ÈCbG

Õ
Í = ÈCb b, Cb rÍ + ÈGÍ = ÈCb b, Cb aÍ + ÈGÍ

30 if Ca == Cb then

31 return Cb · G
ÕÕ // Here ÈCbG

ÕÕ
Í = ÈCb b, Ca aÍ + ÈGÍ

32 else

33 return [Ca a] cat Cb · G
ÕÕ // output generates ÈCa aÍ + ÈCbG

ÕÕ
Í = ÈCa a, Cb bÍ + ÈGÍ

Algorithm 5: AddTwoB(a, b, Ca, Cb, G)
Input: 1. a, b œ K[x, y] monic, degy(a) Æ degy(b),
2. Ca, Cb œ K[x] powers of P , Ca | Cb | P

k,
3. G minimal lexGb modulo P

k, degy(b) > degy(G)
Output: minimal lexGb of ÈCa a, Cb bÍ + ÈGÍ

34 r Ω
Cb
Ca

b mod a // a monic. Over R = K[x]/È
P k

Ca
Í. It holds ÈCa r, Ca a, P

k
Í = ÈCb b, Ca a, P

k
Í.

35 if r © 0 mod P k

Ca
then // Here ÈCa a, P

k
Í = ÈCa a, Cb b, P

k
Í

36 return Ca · Add(a,
1

Ca
G) // Output generates ÈCa aÍ + ÈGÍ

37 else

38 G
Õ
Ω Add(r,

1
Ca

G) // ÈCaG
Õ
Í = ÈCa rÍ + ÈGÍ return Ca · Add(a, G

Õ) // Output generates
ÈCa aÍ + ÈCaG

Õ
Í = ÈCa a, Cb bÍ + ÈGÍ
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4PNF "QQMJDBUJPOT PG $IJOFTF 3FNBJOEFS 5IFPSFN
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�6OJWFSTJUZ PG 8BUFSMPP
 %BWJE 3� $IFSJUPO 4DIPPM PG $PNQVUFS 4DJFODF
 8BUFSMPP
 0OUBSJP
 $BOBEB

"CTUSBDU
.PEVMBS UFDIOJRVFT XJUI SBUJPOBM SFDPOTUSVDUJPO JNQSPWF DPNQMFYJUZ XIFO DPNQVUJOH PWFS B HSPVOE
हFME TVDI BT ݜ CZ DPOUSPMMJOH UIF HSPXUI PG JOUFSNFEJBUF FYQSFTTJPOT� 8PSLJOH NPEVMP B TJOHMF QSJNFૄ ࠞ 
ݘ POF DBO TPMWF UIF QSPCMFN NPEVMP ૄ BOE MJ॑ UIF TPMVUJPO UP ݢિૄ�ݢ GPS TVऻDJFOUMZ MBSHF ૄિ VTJOHૄ�BEJD MJ॑JOH UFDIOJRVFT
 XIFO BQQMJDBCMF� "MUFSOBUJWFMZ
 DPNQVUBUJPOT DBO CF EPOF NPEVMP TFWFSBM
TNBMM QSJNFT ૄ�
 ۩ 
 ૄ൐� 0OF DBO UIFO PCUBJO B TPMVUJPO NPEVMP UIFJS QSPEVDU ૄ� ࣯ૄ൐ VTJOH UIF $IJOFTF
SFNBJOEFS UIFPSFN� 8F TBZ QSJNFT ૄ BSF ۢVOMVDLZۣ XIFO UIF QSPDFEVSF NPEVMP ૄ JT OPU XFMM�EFहOFE
PS SFUVSOT B SFTVMU UIBU JT EJसFSFOU GSPN UIF NPEVMP ૄ SFEVDUJPO PG UIF SBUJPOBM PVUQVU� 0UIFSXJTF
XF TBZ QSJNFT BSF ۢMVDLZ�ۣ 'PS TPNF BQQMJDBUJPOT 	TPMWJOH [FSP�EJNFOTJPOBM QPMZOPNJBM TZTUFNT
 GPS
JOTUBODF

 UFTUJOH JG B QSJNF JT MVDLZ NBZ CF QSPIJCJUJWFMZ FYQFOTJWF� )PXFWFS
 JU JT P॑FO QPTTJCMF UP
CPVOE UIF OVNCFS PG VOMVDLZ QSJNFT CZ QSPWJOH UIF FYJTUFODF PG B OPO[FSP ર ࠞ ݢ XJUI BMM VOMVDLZ
QSJNFT EJWJEJOH ર
 BOE CPVOEJOH UIF IFJHIU PG ર� 6TJOH ૄ�BEJD MJ॑JOH SFRVJSFT UIF JOJUJBM QSJNF UP CF
MVDLZ
 XJUI B IJHI QSPCBCJMJUZ PG TVDDFTT UIBU JT EFUFSNJOFE CZ BO VQQFS CPVOE PO ર� 0O UIF PUIFS
IBOE
 UIF $IJOFTF SFNBJOEFS UIFPSFN SFRVJSFT UIBU BMM QSJNFT BSF MVDLZ
 BOE UP HVBSBOUFF UIJT XJUI IJHI
QSPCBCJMJUZ VTVBMMZ SFRVJSFT MBSHFS QSJNFT� 8F SFQPSU PO XPSL�JO�QSPHSFTT UIBU VTFT FSSPS DPSSFDUJPO
UFDIOJRVFT XJUI $IJOFTF SFNBJOEFSJOH UIBU BMMPXT VT UP UPMFSBUF B GFX VOMVDLZ QSJNFT� 0VS IPQF JT UP
UIFO HVBSBOUFF B IJHI QSPCBCJMJUZ PG TVDDFTT XIJMF VTJOH QSJNFT PG NPEFSBUF TJ[F�

8F CBTF PVS XPSL PO JOEFQFOEFOU SFTVMUT GSPN #¶IN
 %FDLFS
 'JFLFS BOE 1हTUFS <�
 �> BOE 1FSOFU <�>�
5P PVS LOPXMFEHF
 UIF DPOTFRVFODFT XF EFSJWF
 XIJMF SFMBUJWFMZ TUSBJHIUGPSXBSE
 BSF OFX� 8F HJWF
FYQMJDJU TVऻDJFOU DPOEJUJPOT PO UIF OVNCFS PG QSJNFT BOE UIFJS TJ[F UP HVBSBOUFF BO BSCJUSBSZ QSPCBCJMJUZ
PG TVDDFTT
 BTTVNJOH XF DBO QJDL QSJNFT VOJGPSNMZ BU SBOEPN JO B HJWFO JOUFSWBM� 8F BMTP EFTDSJCF B
OVNCFS PG BQQMJDBUJPOT�

,FZXPSET
$IJOFTF SFNBJOEFS UIFPSFN DPEFT
 QPMZOPNJBM TZTUFN TPMWJOH
 NPEVMBS BMHPSJUINT

�� #BDLHSPVOE BOE QSFWJPVT XPSL

4PMWJOH BMHFCSBJD QSPCMFNT PWFS B HSPVOE हFME TVDI BT 
ݜ DPOTJEFSJOH POMZ BMHFCSBJD DPNQMFYJUZ
	UIF OVNCFS PG CBTF हFME PQFSBUJPOT
 JT IBSEMZ B HPPE QSFEJDUPS PG QSBDUJDBM SVOUJNF� B QSFDJTF
BOBMZTJT TIPVME UBLF JOUP BDDPVOU UIF TJ[F PG UIF DPFऻDJFOUT JO UIF PVUQVU
 BOE UIF OVNCFS PG
CPPMFBO PQFSBUJPOT UISPVHIPVU UIF FYFDVUJPO PG UIF BMHPSJUIN�
0OF NBKPS DIBMMFOHF JO TVDI BMHPSJUINT JT UIF HSPXUI PG DPFऻDJFOUT� *O NBOZ TJUVBUJPOT


XF DBO HJWF SFBTPOBCMZ TIBSQ B QSJPSJ CPVOET PO UIF CJU TJ[F PG UIF DPFऻDJFOUT JO UIF PVUQVU

4$44 ����� ��UI *OUFSOBUJPOBM 4ZNQPTJVN PO 4ZNCPMJD $PNQVUBUJPO JO 4PࡥXBSF 4DJFODF
 "VHVTU 
��ڶ�� ����
 5PLZP

+BQBO
£ KBLFMMJP!VXBUFSMPP�DB 	+� &MMJPUU
� FTDIPTU!VXBUFSMPP�DB 	�� 4DIPTU

ç IUUQT���VXBUFSMPP�DB�TDIPMBS�KBLFMMJP�IPNF 	+� &MMJPUU
� IUUQT���DT�VXBUFSMPP�DB�_FTDIPTU� 	�� 4DIPTU
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	B UZQJDBM SFDJQF CFJOH VOEFSTUBOEJOH UIFN BT EFUFSNJOBOUT CVJMU GSPN UIF JOQVU QSPCMFN
�
1SFDJTFMZ
 XF XJMM BTTVNF CFMPX UIBU XF LOPX BO VQQFS CPVOE ણ PO UIF IFJHIU PG BMM SBUJPOBM
OVNCFST BQQFBSJOH JO UIF PVUQVU
 XIFSF JO UIJT OPUF UIF IFJHIU 
સ	ݒ PG B SBUJPOBM OVNCFS સ JT
UIF NBYJNVN PG UIF CBTF�� MPHBSJUINT PG UIF BCTPMVUF WBMVFT PG JUT NJOJNBM OVNFSBUPS BOE
EFOPNJOBUPS� )PXFWFS
 TVDI JOTJHIU TIPVME OPU CF FYQFDUFE GPS JOUFSNFEJBUF SFTVMUT PG PVS
BMHPSJUIN� "T UIF BMHPSJUIN QSPHSFTTFT
 UIF TJ[F PG UIFTF DPFऻDJFOUT NBZ JODSFBTF
 CFGPSF
QPTTJCMZ DPMMBQTJOH XIFO XF SFBDI UIF FOE SFTVMU�

.PEVMBS UFDIOJRVFT BSF VTFE UP BWPJE JOUFSNFEJBUF FYQSFTTJPO TXFMM� 5IFZ JOWPMWF QFSGPSNJOH
DPNQVUBUJPOT NPEVMP POF PS TFWFSBM TNBMM QSJNFT 	JEFBMMZ
 NBDIJOF QSJNFT

 UIFSFCZ BWPJEJOH
JOUFSNFEJBUF DPFऻDJFOU HSPXUI
 UIF PCKFDUJWF CFJOH UP DPNQVUF UIF SFRVFTUFE PVUQVU 	UZQJDBMMZ

B TFU PG QPMZOPNJBMT
 PS B NBUSJY UIFSFP৷
 NPEVMP B DFSUBJO MBSHF JOUFHFSન� *Gન JT MBSHF FOPVHI
	QSFDJTFMZ
 JG MPH�	ન
 ࡹ ણ � �

 SBUJPOBM SFDPOTUSVDUJPO DBO UIFO CF BQQMJFE DPFऻDJFOU�XJTF
 JO
PSEFS UP SFDPWFS BO PVUQVU XJUI SBUJPOBM DPFऻDJFOUT�
0O POF FOE PG UIF TQFDUSVN
 POF DBO DPOTJEFS XPSLJOH NPEVMP B TJOHMF QSJNF ૄ
 TPMWF UIF

QSPCMFN NPEVMP ૄ BOE MJ॑ UIF TPMVUJPO UPݢ�નݢ
 GPSન � ૄિ MBSHF FOPVHI
 CZ NFBOT PG /FXUPO
� )FOTFM UFDIOJRVFT
 JG BQQMJDBCMF� 5IF PCWJPVT BMUFSOBUJWF JT UP DPNQVUF NPEVMP TVऻDJFOUMZ
NBOZ ۢTNBMMۣ QSJNFT 	ૄઽ
൐ࡸઽࡸ� BOE VTF UIF $IJOFTF SFNBJOEFS UIFPSFN UP PCUBJO B TPMVUJPO
NPEVMP ન � ૄ�࣯ૄ൐�
'PS NPTU QSPCMFNT PG JOUFSFTU
 UIFSF FYJTU QSJNFT ૄ GPS XIJDI UIF QSPDFEVSF NPEVMP ૄ JT

OPU XFMM�EFहOFE
 PS SFUVSOT B SFTVMU UIBU EJसFST GSPN UIF NPEVMP ૄ SFEVDUJPO PG UIF SBUJPOBM
PVUQVU� XF XJMM DBMM UIFTF QSJNFT VOMVDLZ
 BOE MVDLZ PUIFSXJTF� *O UIF QSPCMFNT XF IBWF JO
NJOE
 TVDI BT TPMWJOH TZTUFNT PG QPMZOPNJBM FRVBUJPOT
 UFTUJOH XIFUIFS B QSJNF JT MVDLZ NBZ CF
QSPIJCJUJWFMZ FYQFOTJWF� )PXFWFS
 JU JT P॑FO QPTTJCMF UP CPVOE UIF OVNCFS PG VOMVDLZ QSJNFT�
UIJT JT VTVBMMZ EPOF CZ QSPWJOH UIF FYJTUFODF PG B OPO[FSP ર ࠞ ݢ TVDI UIBU BMM VOMVDLZ QSJNFT
EJWJEF ર
 BOE CPVOEJOH UIF IFJHIU PG ર�

6TJOH ૄ�BEJD MJ॑JOH UFDIOJRVFT
 XF OFFE UP FOTVSF UIBU UIF JOJUJBM QSJNF ૄ JT MVDLZ� LOPXJOH
UIF VQQFS CPVOE PO ર
 XF DBO EFUFSNJOF XIBU JOUFSWBM UP QJDL ૄ GSPN JO PSEFS UP HVBSBOUFF B
IJHI QSPCBCJMJUZ PG TVDDFTT
 TBZ BU MFBTU � ࠨ ൎ GPS B HJWFO UPMFSBODF ൎ� 'PS $IJOFTF SFNBJOEFSJOH
BMHPSJUINT
 UIPVHI
 UIF EJSFDU BQQSPBDI SFRVJSFT BMM QSJNFT CFJOH MVDLZ
 BOE HVBSBOUFFJOH UIBU
UIJT JT UIF DBTF XJUI QSPCBCJMJUZ � ࠨ ൎ VTVBMMZ SFRVJSFT VT UP VTF MBSHFS QSJNFT 	XF EJTDVTT UIJT
GVSUIFS CFMPX
� *O UIJT TIPSU OPUF
 XF SFQPSU PO XPSL�JO�QSPHSFTT UIBU VTFT FSSPS DPSSFDUJPO
UFDIOJRVFT 	WFSZ MPPTFMZ TQFBLJOH
 BOBMPHVFT PG 3FFE�4PMPNPO EFDPEJOH
 CVU GPS SBUJPOBM OVNCFS
SFDPOTUSVDUJPO

 XIFSF XF UPMFSBUF UIBU B GFX QSJNFT SFUVSO XSPOH SFTVMUT 	PS OP SFTVMUT BU BMM
�
0VS IPQF JT UIFO UP CF BCMF UP HVBSBOUFF IJHI QSPCBCJMJUZ PG TVDDFTT
 XIJMF VTJOH QSJNFT PG
NPEFSBUF TJ[F�
8F CBTF PVS XPSL PO SFDFOU 	JOEFQFOEFOU
 JOUSPEVDUJPOT PG UIJT JEFB
 CZ #¶IN
 %FDLFS


'JFLFS BOE 1हTUFS <�
 �> BOE 1FSOFU <�>
 UIF GPSNFS JO UIF DPOUFYU PG BMHPSJUINT GPS BMHFCSBJD
HFPNFUSZ
 BOE UIF MBUUFS NFOUJPOJOH BQQMJDBUJPOT UP MJOFBS BMHFCSB� 5IF EFDPEJOH BMHPSJUINT BOE
UIF TVऻDJFOU DPOEJUJPOT GPS TVDDFTT HJWFO JO UIFTF UXP GBNJMJFT PG SFGFSFODFT BSF EJTUJODU
 CVU
TJNJMBS� CPUI GPMMPX BO JUFSBUJWF SFEVDUJPO QSPDFEVSF
 TUBUFE BT B WBSJBOU PG &VDMJE۟T BMHPSJUIN
JO 1FSOFU۟T XPSL
 BOE BT B WBSJBOU PG (BVTTJBO MBUUJDF SFEVDUJPO CZ #¶IN FU BM� 0VS QSFTFOUBUJPO
XJMM GPMMPXT 1FSOFU۟T�

5IF DPSF PG PVS EJTDVTTJPO DPODFSOT UIF SFDPOTUSVDUJPO PG B TJOHMF SBUJPOBM OVNCFS� 8F
BMTP QPJOU PVU UIBU JO UIF DPOUFYUT XF BSF JOUFSFTUFE JO
 BMHPSJUINT VTVBMMZ SFUVSO TFWFSBM TVDI
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OVNCFST 	UZQJDBMMZ BT DPFऻDJFOUT PG QPMZOPNJBMT

 BOE XF DBO P॑FO QSFEJDU UIBU BMM UIFTF
SBUJPOBMT BENJU B TNBMM DPNNPO EFOPNJOBUPS� 5BLJOH UIJT TQFDJहDJUZ JOUP BDDPVOU XPVME MFBE VT
UPXBSE FSSPS�UPMFSBOU WFDUPS SBUJPOBM OVNCFS SFDPOTUSVDUJPO� JEFBMMZ
 XF DPVME IPQF UP SFEVDF
UIF OVNCFS PG QSJNFT CZ VQ UP UXP
 CVU BT PG OPX
 UIJT BQQFBST UP CF RVJUF DIBMMFOHJOH�

�� 0VS DPOUSJCVUJPO

-FU VT हSTU SFWJFX UIF LFZ SFTVMU SFHBSEJOH $IJOFTF SFNBJOEFSJOH GPS SBUJPOBM SFDPOTUSVDUJPO JO
UIF QSFTFODF PG FSSPST� 8F DPOTJEFS B TFRVFODF PG QSJNF NPEVMJ ૄ�
 ۩ 
 ૄ൐ BOE B SBUJPOBM OVNCFS૆ � ઻ �઼
 XJUI ઼ � �� 5IF HPBM JT UP SFDPWFS ૆ GSPN B WFDUPS 	૆ઽ

൐ࡸઽࡸ� XIFSF ૆ઽ � ૆ NPE ૄઽ GPS B
DFSUBJO OVNCFS PG MVDLZ QSJNFT ૄઽ� 8F UPMFSBUF B OVNCFS PG FSSPST PS NJTTJOH WBMVFT 	F�H�
 GPS
XIJDI ૄઽ EJWJEFT ઼

 GPS XIJDI XF XSJUF ૆ઽ � 
࠴ GPS B OFX TZNCPM �࠴ UIF DPSSFTQPOEJOH QSJNFT
BSF VOMVDLZ� $POTJEFS UIF GPMMPXJOH JOUFHFST�

ۨ ઩ � ࠧ൐ઽ�� MPH�	ૄઽ

ۨ ધ � 
൐ࡸઽࡸ�ࠧૄઽ VOMVDLZ QSJNF MPH�	ૄઽ
�
ۨ ણ JT B HJWFO VQQFS CPVOE PO UIF IFJHIU PG ૆
 UIBU JT
 MPH�	]઻ ]

 MPH�	઼
 ࡸ ણ

5IFO
 1FSOFU QSPWFE JO <�
 -FNNB �����> UIBU JG ધ � 	઩ ࠨ �ણ � �
��
 POF DBO SFDPOTUSVDU ૆ HJWFO
UIF ૆ઽ۟T <�
 "MHPSJUIN � Q���>� #¶IN FU BM� QSPWFE TJNJMBS SFTVMUT�
"MUIPVHI UIFTF TUBUFNFOUT BSF XFMM�FTUBCMJTIFE
 UP PVS LOPXMFEHF
 UIF GPMMPXJOH DPOTF�

RVFODFT
 XIJMF SFMBUJWFMZ TUSBJHIUGPSXBSE
 BSF OFX� 8F QSPWJEF B RVBOUJUBUJWF BOBMZTJT XIJDI
HJWFT FYQMJDJU TVऻDJFOU DPOEJUJPOT PO UIF OVNCFS PG QSJNFT BOE UIFJS TJ[F UP HVBSBOUFF BO
BSCJUSBSZ QSPCBCJMJUZ PG TVDDFTT
 JO B NPEFM XIFSF XF BTTVNF XF DBO QJDL QSJNFT VOJGPSNMZ BU
SBOEPN JO B HJWFO JOUFSWBM�
4UBUJOH UIJT SFTVMU SFRVJSFT VT UP UBLF BMM QSJNFT JOUP DPOTJEFSBUJPO� 5IVT
 ૆ BOE UIF VQQFS

CPVOE ણ BSF BT BCPWF
 BOE UP FBDI QSJNF ૄ ࠞ ݘ DPSSFTQPOET B WBMVF ૆	ૄ
 	QPTTJCMZ࠴
� ૄ JT DBMMFE
MVDLZ XIFO ૆	ૄ
 � ૆ NPE ૄ BOE VOMVDLZ PUIFSXJTF� 8F BTTVNF UIBU UIFSF BSF हOJUFMZ NBOZ
VOMVDLZ QSJNFT BOE MFU ર CF UIFJS QSPEVDU� *O BEEJUJPO UP UIF PVUQVU TJ[F CPVOE ણ
 XF UIFO
OFFE B CPVOE ઞ TVDI UIBU MPH�	ર 
 ࡸ ઞ� #PUI ણ BOE ઞ BSF QSPCMFN�EFQFOEFOU 	XF EJTDVTT B GFX
FYBNQMFT JO UIF OFYU TFDUJPO
� PODF CPVOET PO ણ BOE ઞ BSF BWBJMBCMF
 UIF GPMMPXJOH QSPQPTJUJPOT
BQQMZ�
*O XIBU GPMMPXT
 GPS TJNQMJDJUZ
 HJWFO BO JOUFSWBM ͍ � \൜
 ۩ 
 �൜^
 XF BTTVNF UIBU XF DBO

TBNQMF ൐ QSJNFT JO ͍ VOJGPSNMZ XJUIPVU SFQMBDFNFOU
 BT MPOH BT UIJT JOUFSWBM JT LOPXO UP
DPOUBJO BU MFBTU ൐ QSJNFT�

1SPQPTJUJPO �� -FU ૆ 
 ણ 
 ઞ CF BT BCPWF� 'PS ൤ � �
 MFU ൜ BOE ൐ CF JOUFHFST TVDI UIBU ൜ ࡹ
NBY	��
 ��ઞ൤ 
 ��ણ
 BOE ൐ � ງ �ણ

MPH�	൜
ຈ� 4FMFDU QBJSXJTF EJTUJODU QSJNFT ૄ�
 ۩ 
 ૄ൐ JOEFQFOEFOUMZ
BOE VOJGPSNMZ BU SBOEPN GSPN UIF TFU ͍ � \൜
 ۩ 
 �൜^� 5IFO
 XJUI QSPCBCJMJUZ BU MFBTU � ࠨ ൤
 HJWFO	૆	ૄ�

 ۩ 
 ૆	ૄ൐


 POF DBO SFDPOTUSVDU ૆�
1SPPG� -FU ଅ EFOPUF UIF TFU \ૄ ࠹ ૄ ࠞ ͍ BOE ર NPE ૄ � �^
 BOE OPUJDF UIBU UIF QSPEVDU ࠥૄࠞଅ ૄ
BMTP EJWJEFT ર
 TP UIBU JO QBSUJDVMBSࠥૄࠞଅ ૄ ࡸ ર� &BDI QSJNF JO ͍ JT BU MFBTU FRVBM UP ൜
 TP UIBU
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�ଅ ࡸ ઞ
MPH�	൜
 � 0O UIF PUIFS IBOE
 UIF OVNCFS PG QSJNFT JO ͍ JT BU MFBTU ൜� MPH�	൜
 <�
 &Y� �����>
 TP

UIBU GPS B QSJNF ૄ DIPTFO BU SBOEPN JO ͍
 ર[ૄ	ݛ 
 ࡸ 	ઞ� MPH�	൜

	൜�	� MPH�	൜


 � �ઞ൜ �
/PX
 XF DIPPTF ൐ EJTUJODU QSJNFT ૄ�
 ۩ 
 ૄ൐ VOJGPSNMZ BU SBOEPN JO ͍
 BOE GPS ઽ � �
 ۩ 
 ൐
 XF

MFU ળઽ CF UIF JOEJDBUPS WBSJBCMF EFहOFE BT

ળઽ � ໳� JG ૄઽ ࠹ ર� PUIFSXJTF

TP UIBU ஒ<ળઽ> � ળઽ	ݛ � �
 ࡸ �ઞ�൜� %FहOF GVSUIFS ળ � ࠧ൐ઽ�� ળઽ
 TP UIBU ஒ<ળ> ࡸ �൐ઞ�൜� /PX

GPS BOZ DIPJDF PG ൐ EJTUJODU QSJNFT 	ૄઽ
 JO ͍
 UIF RVBOUJUJFT ઩ BOE ધ EFहOFE BCPWF TBUJTGZ઩ � ࠧ൐ઽ�� MPH�	ૄઽ
 ࡹ ൐ MPH�	൜
 BOE ધ � 
൐ࡸઽࡸ�ࠧૄઽ VOMVDLZ QSJNF MPH�	ૄઽ
 ࡸ MPH�	�൜
ળ� 'SPN <�

-FNNB �����> BT DJUFE BCPWF
 XF LOPX UIBU UIF FSSPS�UPMFSBOU SBUJPOBM SFDPOTUSVDUJPO BMHPSJUIN
TVDDFFET BT TPPO BT ધ ࡸ 	઩ ࠨ �ણ � �
��
 BOE JO QBSUJDVMBS BT TPPO BT MPH�	�൜
ળ ࡸ ̿ �	൐ MPH�	൜
 ࠨ �ણ � �
��� 8F XJMM QPJOU PVU CFMPX UIBU GPS PVS DIPJDF PG ൐
 ̿ JT QPTJUJWF�
5IFO
 UIF QSPCBCJMJUZ PG GBJMVSF JT BU NPTU ݛ ๢MPH�	�൜
ળ � ̿๣ � ݛ ๢ળ � ̿� MPH�	�൜
๣
 XIJDI

CZ .BSLPW۟T JOFRVBMJUZ JT BU NPTU ஒ<ળ>� ๢̿� MPH�	�൜
๣� 8F EFEVDF


GBJM	ݛ ࡸ ༀ�൐ઞ൜ ༈ ༁ � MPH�	�൜
൐ MPH�	൜
 ࠨ �ણ � �༉ ࡸ �ઞ൜ ൐ MPH�	൜
൐ MPH�	൜
 ࠨ �ણ � �ઞ൜ �� ࠨ �ણ൐ MPH�	൜
 �
/PX
 UBLF ൐ � ࣵ�ણ�MPH�	൜
ࣶ
 TP UIBU JO QBSUJDVMBS ൐ ࡹ �ણ�MPH�	൜

 BOE UIVT �ણ�	൐ MPH�	൜

 
���ࡸ JO XIJDI DBTF UIF SJHIU�NPTU GBDUPS JO UIF JOFRVBMJUZ BCPWF JT BU NPTU �� #FTJEFT
 UIJT
DIPJDFT FOTVSFT ̿ � �� 5P TVNNBSJ[F
 JO UIJT DBTF
 XF IBWF 
GBJM	ݛ ࡸ ��ઞ�൜
 BOE UIJT DBO CF
NBEF MFTT UIBO ൤ BT TPPO BT ൜ ࡹ ��ઞ�൤�
*U SFNBJOT UP WFSJGZ UIBU PVS JOUFSWBM ͍ DPOUBJOT BU MFBTU ൐ QSJNFT� 8F LOPX UIBU UIFSF BSF

BU MFBTU ൜�� MPH�	൜
 TVDI QSJNFT
 BOE UIBU ൐ JT BU NPTU �ણ� MPH�	൜
 � �
 BOE POF DIFDLT UIBU JG൜ ࡹ �� BOE ൜ ࡹ ��ણ
 UIJT JT JOEFFE MFTT UIBO PS FRVBM UP ൜�� MPH�	൜
�
3FNBSL �� *O UIF DPOUFYU PG B NPEVMBS BMHPSJUIN
 UIF NPTU JNQPSUBOU DPNQPOFOU JO UIF DPTU
BOBMZTJT JT UIF UPUBM UJNF TQFOU TPMWJOH UIF QSPCMFN NPEVMP UIF QSJNFT ૄઽ� *O SPVHI BQQSPYJNBUJPO

POF DBO BTTVNF UIBU FBDI TVDI FYFDVUJPO UBLFT ય PQFSBUJPOT NPEVMP ૄઽ
 XIFSF ય JT JOEFQFOEFOU PG ઽ�
*U GPMMPXT UIBU UIF UPUBM CPPMFBO DPTU JT TPࡥMZ�MJOFBS JO ય ൐ࡸઽࡸ�ࠧ MPH�	ૄઽ
 ࠞ ̓	ય൐ MPH	൜

�
*O PVS DPOTUSVDUJPO
 XF IBWF ൐ MPH�	൜
 ࡸ 	 �ણ

MPH�	൜
 � �
 MPH�	൜
 � �ણ � MPH�	൜
� *O PUIFS XPSET

UIF CPPMFBO DPTU JOWPMWFT CPUI UIF PVUQVU TJ[F ણ
 XIJDI JT BT FYQFDUFE
 UPHFUIFS XJUI MPH�	൜

 XIJDI
XJMM JODSFBTF JG XF UBLF ൤ DMPTF UP [FSP�
3FNBSL �� "TTVNF UIBU XF EP OPU VTF FSSPS�DPSSFDUJPO� *O UIJT DBTF
 JO PSEFS UP CF BCMF UP SFDPOTUSVDU૆
 XF OFFE BMM QSJNFT UP CF MVDLZ� 8JUI OPUBUJPO BT JO UIF QSPQPTJUJPO
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Functional Decomposition of Sparse Polynomials
(Short Talk Abstract)
Mark Giesbrecht

Cheriton School of Computer Science, University of Waterloo, Canada

Keywords
Computer algebra, sparse polynomials, complexity.

We consider the algorithmic problem of functionally decomposing sparse polynomials. For example,
given a (ridiculously) high degree (5 · 2100) and very sparse (7 terms) polynomial such as:

f(x) = x5·2100 + 15 · x2102+247 + 90 · x3·2100+248 + 270 · x2101+3·247 + 405 · x2100+249 + 243 · x5·247 + 1,

we ask how to determine quickly whether it can be written as a composition of lower degree polynomials
such as

f(x) = g(h(x)) = g � h = (x5 + 1) � (x2100 + 3x2
47
),

and if so, to generate such a decomposition.
That such decompositions remain sparse was �rst conjectured for perfect powers in 1949 by Erd�s

[3], but not proven until 1987 by Schinzel [9]. Zannier [10] then generalized this theory to functional
decompositions.

Computationally, we have had algorithms for functional decomposition of (dense) polynomials since
Barton & Zippel [2] in 1976. The �rst polynomial-time (in the degree) algorithms appeared in 1986
by [7], at least in the “tame” case, where the characteristic of the underlying �eld does not divide the
degree, and an almost linear time algorithm was shown later in [4]. In fact, we can now show that,
except for a very speci�c class of polynomials, Barton & Zippel’s algorithm runs in polynomial time in
the degree [5]. Polynomial-time algorithms for the (dense) “wild” case and rational functions have now
been been developed, most completely in [1].

Algorithms for polynomial decomposition that exploit sparsity have remained elusive until recently
(see [6, 8]). We want algorithms that run in time polynomial in the representation size – the length/loga-
rithm of the exponents and coe�cients of the non-zero terms of the input (and output). In this talk I
will present some new algorithms which meet this goal, and provide very fast and simple solutions to
some polynomial decomposition problems, such as the example above. These new methods require
time quadratic in the number of non-zero terms in the input and output, and in the logarithm of the
degree and coe�cients.

Many open algorithmic problems remain for sparse polynomials, including detecting indecomposabil-
ity, the “wild” case, and rational functions. We show connections to the well-known open (and possibly
intractable) problems of sparse polynomial divisibility and irreducibility. There is also considerable
room to tighten bounds in the underlying mathematics (and thereby improve the cost), as well as to
explore a broader class of sparsely represented functions [8].
This is ongoing work with Saiyue Liu (UBC) and Daniel S. Roche (USNA).
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"CTUSBDU
This paper discusses the trajectory planning of a robot manipulator with computer algebra. In the

operation of robot manipulators, it is important to make the trajectory of the end effector so that it

does not collide with obstacles. For this purpose, we have proposed a method of generating a method

of trajectory planning using cubic spline curves. However, the method has the disadvantage that the

trajectory may not be included in the feasible region of the manipulator, thus an extra test for the

inclusion of the curve is needed. In this paper, we propose a new method of generating a trajectory

using Bézier curves, which is guaranteed to be included in the feasible region.

,FZXPSET
Trajectory planning, Quantifier elimination, Inverse kinematics, Bézier curves

�� *OUSPEVDUJPO

In this paper, we discuss the trajectory planning of a robot manipulator with computer algebra. A
manipulator is a robot with links, which correspond to human arms, and joints, which correspond
to human joints, connected alternately. The end effector is the component located at the tip
of the link that is farthest from the base of the manipulator. The inverse kinematics problem
examines whether it is possible to place the end effector at a given point and orientation, and if
it is possible, the problem is to find the joint configuration for that placement. The trajectory
planning problem is to find a path for the end effector to move from the start point to the
endpoint without colliding with obstacles.

There are numerous methods for solving the inverse kinematics problem of manipulators
using computer algebra proposed to date [1, 2, 3, 4, 5, 6]. Among them, we have proposed one
that enhances computation efficiency with the use of Comprehensive Gröbner Systems (CGS)
[7], and certifies the existence of solutions to inverse kinematics problems using the Quantifier
Elimination (QE) which is based on the CGS, so-called the CGS-QE [8] method [9]. Furthermore,
we have extended the method to trajectory planning using a straight-line path [10].

By using the straight-line path, the trajectory may interfere with obstacles. Therefore, it is
possible to design the trajectory to avoid obstacles using a polyline, but doing so may result in
discontinuities in velocity and acceleration of the manipulator at the vertices of the polyline,
which could destabilize the operation. To achieve smooth movement of the end effector, we have
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proposed trajectory planning using a spline curve [11]. However, the spline curve may not be
included in the feasible region of the manipulator, thus an extra test for the inclusion of the
curve is needed.

In this paper, we propose methods for trajectory planning using Bézier curves. The shape of a
Bézier curve is determined by the placement of control points, and the curve has the property of
always being contained within the convex hull formed by the control points as vertices. Utilizing
this property, the goal is to generate trajectories that avoid obstacles without deviating from the
feasible region. Although several proposals have been made for the use of Bézier curves in general
trajectory planning [12, 13, 14], to the best of the authors’ knowledge, the utilization of Bézier
curves in trajectory planning using computer algebra is considered to be almost nonexistent.

This paper is organized as follows. In Section 2, we introduce the feasible region of the
manipulator and define the radius of the region. In Section 3, we introduce the Bézier curve and
its properties. In Section 4, we propose two methods for trajectory planning using Bézier curves.
In Section 5, we conclude and discuss future research direction.

�� 1SFMJNJOBSJFT

In this paper, the manipulator to be used is placed on the real space �ݟ with the global coordinate
system, whose origin is located at the base of the manipulator. Assume that the end effector
can be placed anywhere in the feasible region except the origin (see fig. 1).

The feasible region refers to the range that the end-effector of the manipulator can reach.
Here, we assume that the feasible region of the manipulator is given as the surface and the
interior of a hemisphere with the origin as the center and positive ૎ coordinates.

As for the radius of the region, we define a value different from the radius that the actual
manipulator can execute. In this case, we will define the radius by comparing the distances
between the origin and the start and the endpoints of the end effector, and the farthest of the
passing points, as described below.

An example is shown in fig. 2. Let us consider a trajectory with the start point મ and the
endpoint ઢ that passes through two predetermined points ઞ� and ઞ�. Assume that we have
verified the end-effector can reach all the points except for the origin પ by, for example, the
method we have previously proposed [10]. મ
 ઞ�
 ઞ�, and ઢ are located as in fig. 2 with respect to
the origin પ. In this case, the point farthest from પ among these is ઞ�. Therefore, the distance ૆
between પ and ઞ� is defined as the ૆, radius of the feasible region. We see that, by the radius ૆
in this way, the end-effector will of course be able to reach a point closer than the point where
the end-effector is already determined to be placed.

�� 5IF #©[JFS $VSWF

The Bézier curve [15] is a parametric curve on which the point is expressed as a polynomial
function of the parameter ૈ, defined as follows.
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Definition 1. Let ફ�
 ફ�
 ۩ 
 ફૂ be different points. Then, the ઩-degree Bézier Curve ફ	ૈ
 is defined
as ફ	ૈ
 � ๮ૂઽ�� ༂ ઽૂ༊ૈ ઽ	� ࠨ ૈ

ઽફઽࠨૂ � ࡸ ૈ ࡸ �

where ફ�
 ફ�
 ۩ 
 ફૂ are the control points. Note that the curve starts at ફ� and ends at ફૂ.

The method employs control points for producing the curve. Note that the curve does not
pass through the control points except for the start and the endpoint but is attracted by them.
It is as if the points exert a pull on the curve.

An ૂ-degree Bézier Curve is constructed as follows (for an example of a 3-degree Bézier curve,
see Figure 3). First, place ૂ � � control points ફ�
 ફ�
 ۩ 
 ફૂ, and take points બ	�
� 
 બ	�
� 
 ۩ 
 બ	�
�ࠨૂ
that divide the line segment ફ�ફ�
 ફ�ફ�
 ۩ 
 ફૂࠨ�ફૂ internally into ૈ ࡌ � ࠨ ૈ, respectively. Next, take
points બ	�
� 
 બ	�
� 
 ۩ 
 બ	�
�ࠨૂ that divide the line segments બ	�
� બ	�
� 
 બ	�
� બ	�
� 
 ۩ 
 બ	�
,�ࠨૂ
�	�બࠨૂ internally
into ૈ ࡌ � ࠨ ૈ, respectively. Repeat the same operation for ૂ times to obtain બ	ૂ
� , then the locus
of is બ	ૂ
� for � ࡸ ૈ ࡸ � constructs the Bézier Curve.

One of the advantages of using Bézier Curves is the convex hull property of the curves [13].
For the convex hull જ � \ࠧઽૂ�� સઽફઽ ] ࠧઽૂ�� સઽ � �
 � ࡺ સઽ ࡺ �^ of the control points ફ�
 ફ�
 ۩ 
 ફૂ, we
see that any point on the Bézier Curve ફ	ૈ
 is included in જ. In other words, if a polyhedron
with each control point as a vertex is included in the feasible region, the Bézier Curve obtained
from those control points is also included in the region. This idea will be used in our second
method proposed below.

�� 1BUI QMBOOJOH VTJOH #©[JFS DVSWFT

We propose two methods for trajectory planning using Bézier curves. In the methods, we settle
the following assumptions: In addition to the start and the endpoints, two points that the curve
must pass through are given. Those points have the same ્ and ૎ coordinates, respectively.

���� .FUIPE �� QBUI QMBOOJOH XJUI TJOHMF #©[JFS DVSWF

In the first method, we construct a path with a single Bézier curve. We give the ૌ coordinates of
the control points equally distributed and select the control points using equality and inequality
evaluation. Furthermore, we consider only the case where the curve is curved in the positive
direction in both ્ and ૎ coordinates.

If an ૂ-degree Bézier Curve in �ݟ is represented as ફ	ૈ
 � 	ફૌ	ૈ

 ફ્	ૈ

 ફ૎	ૈ

, each component is
expressed as

ફૌ	ૈ
 � ๮ૂઽ�� ༂ ઽૂ༊ૈ ઽ	� ࠨ ૈ

ઽૌઽࠨૂ ફ્	ૈ
 � ๮ૂઽ�� ༂ ઽૂ༊ૈ ઽ	� ࠨ ૈ

ઽ્ઽࠨૂ ફ૎	ૈ
 � ๮ૂઽ�� ༂ ઽૂ༊ૈ ઽ	� ࠨ ૈ

ઽ૎ઽࠨૂ (1)

using the control points ફઽ	ૌઽ
 ્ઽ
 ૎ઽ
 (ઽ � �
 �
 ۩ ૂ). Here, we define the ૌ coordinates of each control
point satisfying that ફૌ	ૈ
 is a linear polynomial in ૈ. This approach has the advantage that it
not only reduces the amount of calculation required to create the trajectory but also makes the
operation of “finding the value of ૈ from the ૌ coordinate of a point on the curve” easier.
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To achieve this objective, simply place the ૌ coordinates ૌ�
 ૌ�
 ۩ 
 ૌૂ of each control point in

order at equal intervals, i.e., for ઽ � �
 �
 ۩ 
 ૂ, letૌઽ � 	ૂ ࠨ ઽ
ૌ� � ઽૌૂૂ �
Substituting ૌઽ into ફૌ	ૈ
 in eq. (1) givesફૌ	ૈ
 � 	� ࠨ ૈ
ૌ� � ૈૌૂ� (2)

Next, we define the ્ and ૎ coordinates of each control point. In eq. (2), denote the ૌ coordinate
of a point on the curve simply as ફૌ	ૈ
 � ૌ, and solve eq. (2) for ૈ, then we haveૈ � ૌ ࠨ ૌ�ૌૂ ࠨ ૌ� � (3)

Now, assume that there is an obstacle in the feasible region, and to avoid it, the ્ and ૎
coordinates of the path must always exceed a certain value ્ݒ � � and ૎ݒ � �, respectively, in
the interval <શ
 ષ> in the ૌ coordinate, where ૌૄ � શ ࡸ ૌૄ�� ࡸ ૌૅ ࡸ ષ � ૌૅ�� for � ࡸ ૄ � ૅ � � ࡸ ૂ
(see Figure 4). Substituting ૌ � શ and ષ for eq. (3) and denoting them as ૈશ and ૈષ, respectively,
we obtain ૈશ � શ ࠨ ૌ�ૌૂ ࠨ ૌ� 
 ૈષ � ષ ࠨ ૌ�ૌૂ ࠨ ૌ� �

For the ્ coordinate of the curve, among the tuples of ્�
 ્�
 ۩ �ࠨૂ્ that satisfy the following
equalities and inequalities:ફ્	ૈશ
 � ફ્	ૈષ
 � 
્ݒ ્� ࡸ ્�
 ۩ 
 ્ૄ
 ્ݒ ࡸ ્ૄ��
 ۩ 
 ્ૅ
 ્ૂ ࡸ ્ૅ��
 ۩ 
 
�ࠨૂ્ (4)

select the one with the smallest sum ࠧિૅ�ૄ�� ્િ. The reason for selecting the tuple with the
smallest sum is to minimize the bulge in the positive direction of the ્ coordinate of the curve.
Furthermore, to prevent each ્ઽ value from becoming too small, a lower limit is set as constraints
in eq. (4) so that it does not fall below the coordinate of the starting point before crossing the
obstacle, and the coordinate of the endpoint after crossing the obstacle.

For the ૎ coordinate of the curve, ૎�
 ૎�
 ۩ 
 ૎ૂࠨ� can be calculated in the same way as ્�
 ્�
 ۩ �ࠨૂ્
are calculated in above, simply by replacing ્ઽ with ૎ઽ. After obtaining ્�
 ્�
 ۩ �ࠨૂ્ and૎�
 ૎�
 ۩ 
 ૎ૂࠨ�, put these values into ફ્	ૈ
 and ફ૎	ૈ
 in eq. (1), respectively, which gives the
coordinates of all control points, thus the curve becomes the trajectory of the end effector.

The advantage of this method is that the ૌ coordinate of a point on the curve is expressed as a
linear polynomial ૈ, thus the value of ૈ can easily obtained from ૌ as in eq. (3), and the curve can
be flexibly designed according to the position and the size of the obstacles. However, at present,
it is not guaranteed that the curve will be included in the feasible region, thus improvements of
the method are required, such as not only suppressing the bulge of the curve but also adding
new constraints so that the curve will be included in the feasible region.
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The second method is to construct a path connecting multiple 3-degree Bézier curves calculated
under certain conditions. We use a Bézier curve of degree 3 because it is the curve of the smallest
degree whose curvature can be controlled. This method makes effective use of the convex hull
property mentioned above since it is guaranteed that the created curves do not go outside the
feasible region.

We consider the connection of three cubic Bézier Curves ફ	ૈ

 બ	ૈ
, and ભ	ૈ
, where

ફ	ૈ
 � �๮ઽ�� ༂�ઽ༊ૈ ઽ	� ࠨ ૈ

ઽફઽࠨ� બ	ૈ
 � �๮ઽ�� ༂�ઽ༊ૈ ઽ	� ࠨ ૈ

ઽબઽࠨ� ભ	ૈ
 � �๮ઽ�� ༂�ઽ༊ૈ ઽ	� ࠨ ૈ
�ઽભઽࠨ� (5)

Assume that, in eq. (5), ફઽ
 બઽ
 ભઽ ࠞ �ݟ and we consider ફ	ૈ

 બ	ૈ

 ભ	ૈ
 as vector-valued polynomials.
As with the method in Section 4.1, we aim to draw a curve in which the ્ and the ૎ coordinates
exceed a certain value in a certain interval in the ૌ coordinate, by drawing the first curve ફ	ૈ

from the starting point to that interval, the second curve બ	ૈ
 avoiding the obstacles, and the
third curve to the endpoint.

Since the endpoint of ફ	ૈ
 and the start point of બ	ૈ
, and the end point of બ	ૈ
 and the start
point of ભ	ૈ
 are identical, respectively, we have ફ	�
 � બ	�
 and બ	�
 � ભ	�
, i.e., ફ� � બ� andબ� � ભ�. In this path planning, we aim to express the other control points using the predefined
points ફ�
 બ�
 ભ�
 ભ�.

To make the connection smooth, we settle a constraint that the first and second derivatives at
the connection points are equal for two adjacent curves, respectively. The necessary and sufficient
conditions for ફ ๜	�
 � બ๜	�
 and બ๜	�
 � ભ๜	�
 to hold are �બ� � ફ��બ�, �ભ� � બ��ભ�, respectively.
Similarly, the necessary and sufficient conditions for ફ๝	�
 � બ๝	�
 and બ๝	�
 � ભ๝	�
 to hold
are �	બ� ࠨ ફ�
 � બ� ࠨ ફ�
 �	ભ� ࠨ બ�
 � ભ� ࠨ બ�
 respectively [16]. So far, we see that the control
points ફ�
 ફ�
 ભ�
 ભ� depend on બ� and બ� asફ� � �બ� ࠨ �બ� � બ�
 ફ� � �બ� ࠨ બ�
 ભ� � �ભ� ࠨ બ�
 ભ� � બ� ࠨ �બ� � �ભ�� (6)

Now we determine બ� and બ�. Let the feasible region be a hemisphere with a radius૆ � NBY\ۙફ�ۙ
 ۙબ�ۙ
 ۙભ�ۙ
 ۙભ�ۙ^ centered at the origin and with ૎ � �. Here, ۙ ࣎ ۙ represents the
norm of the vector. We require all remaining control points to be included in this hemisphere,
i.e., ۙફઽۙ ࡸ ૆ 
 ۙબઽۙ ࡸ ૆ 
 ۙભઽۙ ࡸ ૆ 	ઽ � �
 �


which is reduced to solve the problem to find બ� and બ� that satisfy the above conditions. This
problem is expressed as eliminating quantified variables in a quantified formula࠙ફ�࠙ફ�࠙ભ�࠙ભ�		ફ� � �બ� ࠨ �બ� � બ�
 ࠽ 	ફ� � �બ� ࠨ બ�
 ࠽ 	ભ� � �ભ� ࠨ બ�
 ࠽ 	ભ� � બ� ࠨ �બ� � �ભ�
࠽ 	ۙફ�ۙ ࡺ ૆
 ࠽ 	ۙફ�ۙ ࡺ ૆
 ࠽ 	ۙબ�ۙ ࡺ ૆
 ࠽ 	ۙબ�ۙ ࡺ ૆
 ࠽ 	ۙભ�ۙ ࡺ ૆
 ࠽ 	ۙભ�ۙ ࡺ ૆

� (7)

After solving eq. (7) and conditions on બ� and બ� are obtained, then choose બ� and બ� that
makes ۙબ� ࠨ બ�ۙ� � ۙબ� ࠨ બ�ۙ� � ۙભ� ࠨ બ�ۙ� as small as possible satisfying eq. (7), Then the rest of
the control points ફ�
 ફ�
 ફ�
 બ�
 ભ�
 ભ�
 ભ�
 ભ� are determined, and the path of the end effector is
obtained.

This method is promising since, if eq. (7) is solved, it gives a path that does not go beyond the
feasible region and passes two points through for obstacle avoidance. Unfortunately, quantifier
elimination for eq. (7) is computationally expensive and, at present, has not yet been successful.
Therefore, by relaxing the original problem, we propose an alternative method to define a path
in practical time.

25



������ 6TJOH ��EFHSFF #©[JFS DVSWFT

In the alternative method, we create a path using three 2-degree Bèzier Curvesʽફ 	ૈ
 � �๮ઽ�� ༂�ઽ༊ૈ ઽ	� ࠨ ૈ
ઽࠨ� ʽફઽ
 બ̔	ૈ
 � �๮ઽ�� ༂�ઽ༊ૈ ઽ	� ࠨ ૈ

ઽબ̔ઽࠨ� ભ̔	ૈ
 � �๮ઽ�� ༂�ઽ༊ૈ ઽ	� ࠨ ૈ

ઽભ̔ઽࠨ�
in place of ફ	ૈ

 બ	ૈ

 ભ	ૈ
 in eq. (5), respectively, whose first-order differentials are identical at the
connection points, together with ʽફ� � બ̔�
 બ̔� � ભ̔�. Now we determine the other control points
using only the predefined ʽફ� � ફ�
 બ̔� � બ�
 ભ̔� � ભ�
 ભ̔� � ભ�. Since the first derivatives at the
connection points are the same for two adjacent curves, we have �બ̔� � ʽફ� � બ̔�
 �ભ̔� � બ̔� � ભ̔��
For ૆ �ࡌ NBY\ۙ ʽફ�ۙ
 ۙબ̔�ۙ
 ۙભ̔�ۙ
 ۙભ̔�ۙ^, we require all remaining control points to be included in the
hemisphere centered at the origin with radius ૆, i.e., ۙ ʽફ�ۙ ࡸ ૆ 
 ۙબ̔�ۙ ࡸ ૆ 
 ۙભ̔�ۙ ࡸ ૆ � Then, the problem
is reduced to eliminate quantified variables in a quantified formula࠙ ʽફ�࠙ભ̔�		 ʽફ� � �બ̔� ࠨ બ̔�
 ࠽ 	ભ̔� � �ભ̔� ࠨ બ̔�
 ࠽ 	ۙ ʽફ�ۙ ࡸ ૆
 ࠽ 	ۙબ̔�ۙ ࡸ ૆
 ࠽ 	ۙભ̔�ۙ ࡸ ૆

� (8)

Fortunately, by quantifier elimination, we have obtained the possible region of બ̔� that satisfies
eq. (8), then three Bézier Curves were obtained in the same way as described in the cubic
Bézier Curves case. (The computation was done using the computer algebra system Wolfram
Mathematica 13.3.1 in approximately 15.4 [s]. The computing environment is as follows: Intel
Core i3-8130U 2.20GHz, 8GB RAM, Windows 11 Home.)

�� $PODMVEJOH 3FNBSLT

We have proposed two methods for trajectory planning of manipulators using Bézier curves so
that the generated curve does not go outside the feasible region. The first method can avoid
obstacles with a minimum curve that matches the position and size of the obstacle, but it does
not guarantee that any point on the curve is included in the region. The second method can
guarantee that the curve does not go outside the region based on the constraint conditions, but
its calculation cost is high and the position of the control point has not yet been obtained. To
overcome this, we have proposed an alternative method using 2-degree Bézier curves, which can
be calculated in a practical time.

Our future work includes the establishment of a better method for selecting the control points
of a curve that overcomes current issues. We believe that method 2 is promising since the curve
generated by the method is guaranteed to be included within the feasible region. The next issue
to be solved is to improve computational efficiency by deriving more appropriate constraints,
making the algorithm more efficient, and so on.

Once this method is established, we will move on to the stage of calculating the sequence
of joint placements for the completed trajectory, leading to improved trajectory planning as
proposed in our previous work [10].
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Algebraic (non) Relations Among Polyzetas
V. Hoang Ngoc Minh1

1University of Lille, 1 Place Déliot, Lille, 59024, France

Abstract
Two con�uent rewriting systems in noncommutatives polynomials are constructed using the equations allowing
the identi�cation of the local coordinates (of second kind) of the graphs of the ⇣ polymorphism as being (shu�e
or quasi-shu�e) characters and bridging two algebraic structures of polyzetas.

In each system, the left side of each rewriting rule corresponds to the leading monomial of the associated
homogeneous in weight polynomial while the right side is canonically represented on the algebra generated by
irreducible terms which encode an algebraic basis of the algebra of polyzetas.

These polynomials are totally lexicographically ordered and generate the kernels of the ⇣ polymorphism
meaning that the free algebra of polyzetas is graded and the irreducible polyzetas are transcendent numbers,
algebraically independent.

Keywords
Polylogarithms, Hamonic Sums, Polyzetas, Rewritting Systems

1. Introduction

For any r � 1 and (s1, . . . , sr) 2 N�1, for any z 2 ^C \ {0, 1} and n � 1, let

Lis1,...,sr(z) :=
X

n1>...>nr>0

zn1

ns1
1 . . . nsr

r
and Hs1,...,sr(n) :=

nX

n1>...>nr>0

1

ns1
1 . . . nsr

r
. (1)

which are respectively called polylogarithm and harmonic sum.
Let Hr be {(s1, . . . , sr) 2 Nr

�1, s1 > 1}. Then, for any (s1, . . . , sr) belonging to Hr , by a Abel’s
theorem, the following limits exist and are called polyzetas1 [9, 10]

⇣(s1, . . . , sr) := lim
z!1

Lis1,...,sr(z) = lim
n!+1

Hs1,...,sr(n) =
X

n1>...>nr>0

n�s1
1 . . . n�sr

r . (2)

Euler earlier studied polyzetas, in particular {⇣(s1, s2)}r�1
s1>1,s2�1 in classic analysis. He stated that

⇣(6, 2) can not be expressed on ⇣(2), ..., ⇣(8) and proved [6]

⇣(2, 1) = ⇣(3) and ⇣(s, 1) =
1

2

⇣
s⇣(s+ 1)�

s�2X

j=1

⇣(j + 1)⇣(s� j)
⌘
, s > 1. (3)

The {⇣(s1, . . . , sr)}
r�1
s1>1,s2,...,sr�1 are also called multi zeta values (MZV for short) [13] or Euler-

Zagier sums [2] and the numbers r and s1+ . . .+ sr are, respectively, depth and weight of ⇣(s1, . . . , sr).
One can also found in their biographies some recent applications of these special values in algebraic
geometry, Diophantine equations, knots invariants of Vassiliev-Kontsevich, modular forms, quantum
electrodynamic, . . . .

Many new linear relations for polyzetas are detected using LLL type algorithms in high performance
computing and the truncations of {⇣(s1, . . . , sr)}r�1

s1>1,s2,...,sr�1, i.e. {Hs1,...,sr(n)}
r�1
s1>1,s2,...,sr�1 [1,

2]. In this approach, the main problem is to detect with near certainty which polyzetas can not be
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1Polyzeta is the contraction of polymorphism and of zeta (see (5)–(6) below).
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expressed on {⇣(2), . . . , ⇣(s+ k)} and are quali�ed as new constants (as for Euler’s ⇣(6, 2)) [2]. Such
polyzetas could be Q-algebraically independent on these zeta values (see Example 1 below) and the
polyzetas could be transcendent numbers (see [9, 10] for proof). Checking linear relations among
{⇣(s1, . . . , sr)}

r�1
s1>1,s2,...,sr�1
2s1+...+sr12

, Zagier stated that the Q-module generated by MZV is graded (see [9, 10]

for proof) and guessed (see [7, 8, 12] for other algebraic checks)

Conjecture 1 ([13]). Let dk := dimZk and Zk := spanQ{⇣(w)}
r�1
s1>1,s2,...,sr�1

s1+...+sr=k

, for k � 1. Then

d1 = 0, d2 = d3 = 1 and dk = dk�3 + dk�2, for k � 4.

Studying Conjecture 1, in continuation with [3, 5] by a symbolic approach, this work provides more
explanations and consequences regarding the algorithm LocalCoordinateIdenti�cation, partially
implemented in [3] and brie�y described in [4].
It applies an Abel like theorem concerning the generating series of {Hs1,...,sr}

r�1
s1,...,sr�1 (resp.

{Lis1,...,sr}
r�1
s1,...,sr�1) [5], over the alphabet Y = {yk}k�1 (resp. X = {x0, x1}) generating the free

monoid (Y ⇤, 1Y ⇤) (resp. (X⇤, 1X⇤)) with respect to the concatenation (denoted by conc and omitted
when there is no ambiguity), the set of Lyndon words LynY (resp. LynX) and the set of polynomials,
QhY i (resp. QhXi). This theorem exploits the indexations of polylogarithms and harmonic sums in (1)
by words, i.e. [9, 10]

Lixr
0
(z) = logr(z)/r!, Li

x
s1�1
0 x1...x

sr�1
0 x1

= Lis1,...,sr , Hys1 ...ysr
= Hs1,...,sr . (4)

It follows that the isomorphism of algebras H• : (QhY i, ) �! (Q{Hw}w2Y ⇤ ,⇥) (resp. Li• :
(QhXi, tt) �! (Q{Liw}w2X⇤ ,⇥)), mapping u (resp. v) to Hu (resp. Liv), induce the following
surjective polymorphism [9, 10]

⇣ :
(Q1X⇤ � x0QhXix1, tt , 1X⇤)

(Q1Y ⇤ � (Y \ {y1})QhY i, , 1Y ⇤)
�⇣ (Z,⇥, 1), (5)

x0x
s1�1
1 . . . x0x

sk�1
1

ys1 . . . ysk
7�! ⇣(s1, . . . , sr), (6)

where Z is the Q-algebra generated by polyzetas (not linearly free [13]) and the product (resp. tt )
is de�ned, for any u, v, w 2 Y ⇤ (resp. X⇤) and yi, yj 2 Y (resp. x, y 2 X), by

w 1Y ⇤ = 1Y ⇤ w = w and yiu yjv = yi(u yjv) + yj(yiu v) + yi+j(u v), (7)
(resp. w tt 1X⇤ = 1X⇤ tt w = w and xu tt yv = x(u tt yv) + y(xu tt v)). (8)

The graphs of the ⇣ polymorphism in (5)–(6) are expressed as (resp. tt )-group like series as
follows [9, 10]

Z� = e�y1
&Y

l2LynY \{y1}

e⇣(⌃l)⇧l and Ztt =
&Y

l2LynX\X

e⇣(Sl)Pl , (9)

where {⇧w}w2Y ⇤ (resp. {Pw}w2X⇤ ) is the PBW-Lyndon basis (of the Lie polynomilas {⇧l}l2LynY (resp.
{Pl}l2LynX ) basis) in duality with {⌃w}w2X⇤ (resp. {Sw}w2X⇤ ) (containing the basis {⌃l}l2LynY (resp.
{Sl}l2LynY )), on the (resp. tt )-bialgebra [9, 10]. Finally, the identi�cation of their local coordinates
(of second kind in the group of group like series) in the equations bridging the lagebraic structures of
polyzetas, i.e. [5]

Z� = e�y1�
P

k�2 ⇣(k)(�y1)k/k⇡Y Ztt and Ztt = e��x1+
P

k�2 ⇣(k)(�x1)k/k⇡XZ� , (10)

provides the algebraic relations among {⇣(⌃l)}l2LynY \{y1} (resp. {⇣(Sl)}l2LynX\X ), independent on
�, leading to the algebraic bases for Im ⇣ and the homogenous polynomials generating ker ⇣ [9, 10] (see
[3] for examples), with2 the morphism of monoids ⇡Y : X⇤x1 �! Y ⇤ (resp. ⇡X : Y ⇤

�! X⇤x1) maps
yk to xk�1

0 x1 (resp. xk�1
0 x1 to yk).

2There are one-to-one correspondences over the above monoids and that generated by N�1, i.e xs1�1
0 x1 . . . x

sr�1
0 x1 2

X⇤x1 ⌦⇡Y
⇡X ys1 . . . ysr 2 Y ⇤ $ (s1, . . . , sr) 2 N⇤

�1
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2. Rewriting among {⌃l}l2LynY \{y1} and among {Sl}l2LynX\X

For convenience, X denotes X or Y and if X = X then gDIV = X and CONV = x0X⇤x1 else
gDIV = {y1} and CONV = (Y \ {y1})Y ⇤. It follows that LynX \ gDIV ⇢ CONV.

Expressing, i.e replacing “=” by “!”, the relations among polyzetas in [3] become the rewriting rules
among polyzetas and yield the following increasing sets of irreducible polyzetas (see Example 1 below)

Z
X ,2
irr ⇢ · · · ⇢ Z

X ,p
irr ⇢ · · · ⇢ Z

X ,1
irr (11)

and their images by a section of ⇣ (see Example 2 below)

L
X ,2
irr ⇢ · · · ⇢ L

X ,p
irr ⇢ · · · ⇢ L

X ,1
irr , (12)

such that the following restriction is an isomorphism of algebras [9, 10]

⇣ : Q[L1
irr(X )] �! Q[ZX ,1

irr ] = Z. (13)

Note that one also has

L
X ,1
irr =

[

p�2

L
X ,p
irr and L

X ,1
irr =

[

p�2

L
X ,p
irr . (14)

Now, let us describe the algorithm LocalCoordinateIdenti�cation below which brings aditional
results to [3]. It provides the rewriting systems (Q1X⇤ � x0QhXix1,RX

irr) and (Q1Y ⇤ � (Y \

{y1})QhY i,RY
irr) which are without critical pairs, noetherian, con�uent and precisely contains the

above sets (see (11)–(12)) and, on the other hand, the set of homogenous in weight polynomials, be-
longing to Q[LynX \ gDIV], which are image by a section of the surjective ⇣ polymorphism from
{⇣(Ql) = 0}l2LynX\gDIV. It is denoted by QX :

QX = {Ql}l2LynX\gDIV (15)

and generates the shu�e or quasi-shu�e idealRX inside ker ⇣ as follows

RX := spanQQX ✓ ker ⇣. (16)

For any p � 2 and l 2 Lynp
X := {l 2 LynX|(l) = p}, any nonzero homogenous in weight

polynomial (belonging to QX ) Ql = ⌃l � ⌥l (resp. Ql = Sl � Ul) is led by ⌃l (resp. Sl) being
transcendent over Q[LX ,p

irr ] and ⌥l = Ql � ⌃l (resp. Ul = Ql � Sl) is canonically represented in
Q[LX ,p

irr ]. Then let ⌃l ! ⌥l and Sl ! Ul be the rewriting rules, respectively, of

R
Y
irr := {⌃l ! ⌥l}l2LynY \{y1} and R

X
irr := {Sl ! Ul}l2LynX\X . (17)

On the other hand, the following assertions are equivalent (see Example 2 below)

1. Ql = 0

2. ⌃l 2 L
Y,p
irr (resp. Sl 2 L

X,p
irr ),

3. ⌃l ! ⌃l (resp. Sl ! Sl).

In the other words, the ordering over LynX induces the ordering over LX ,1
irr ,RX ,RX

irr and, in the
systems (Q1X⇤ � x0QhXix1,RX

irr) and (Q1Y ⇤ � (Y \ {y1})QhY i,RY
irr),

1. each irreducible term, in L
X ,1
irr , is an element of the algebraic basis {⌃l}l2LynY \{y1} of (Q1Y ⇤ �

(Y \ {y1})QhY i, ) (resp. {⌃l}l2LynX\X of (Q1X⇤ � x0QhXix1, tt)),

2. each rewriting rule, in R
X
irr , admits the left side being transcendent over Q[LX ,1

irr ] and the right
side being canonically represented in Q[LX ,1

irr ]. The di�erence of these two sides belongs to the
ordered idealRX of Q[LynX \ gDIV].
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LocalCoordinateIdenti�cation
Z

X ,1
irr := {};LX ,1

irr := {};RX
irr := {};QX := {};

for p ranges in 2, . . . ,1 do
for l ranges in the totally ordered Lynp

X do
identify hZ� |⇧li in Z� = B(y1)⇡Y Ztt and hZtt |Pli in Ztt = B(x1)�1⇡XZ�;
by elimination, obtain equations on {⇣(⌃l0)} l02LynpY

l0�l

and on {⇣(Sl0)} l02LynpX
l0�l

;

express3 the equations led by ⇣(⌃l) and by ⇣(Sl) as rewriting rules;
if ⇣(⌃l) ! ⇣(⌃l) then Z

Y,1
irr := Z

Y,1
irr [ {⇣(⌃l)} and L

Y,1
irr := L

Y,1
irr [ {⌃l}

else R
Y
irr := R

Y
irr [ {⌃l ! ⌥l} and QY := QY [ {⌃l �⌥l};

if ⇣(Sl) ! ⇣(Sl) then Z
X,1
irr := Z

X,1
irr [ {⇣(Sl)} and L

X,1
irr := L

X,1
irr [ {Sl}

else R
X
irr := R

X
irr [ {Sl ! Ul} and QX := QX [ {Sl � Ul}

end_for
end_for

With the notations introduced in (11)–(17), on also has4

Proposition 1 ([9, 10]). 1. RX = ker ⇣ and Q[ZX ,1
irr ] = Z = Im ⇣ .

2. Q[{Sl}l2LynX\X ] = RX �Q[LX,1
irr ] and Q[{⌃l}l2LynY \{y1}] = RY �Q[LY,1

irr ].

P���� –

1. Let Q 2 ker ⇣, hQ|1X ⇤i = 0. Then Q = Q1 +Q2 (with Q2 2 Q[LX ,1
irr ] and Q1 2 RX ). Hence,

decomposing in {Sl}l2LynX\X (resp. {⌃l}l2LynY \{y1}) and reducing by R
X
irr , it follows that

Q ⌘RX
irr

Q1 2 RX and then the expected result.
Let w 2 CONV. Decomposing in {Sl}l2LynX\X (resp. {⌃l}l2LynY \{y1}) and reducing byR

X
irr ,

w 2 Q[LX ,1
irr ]. Applying (13) and (5)–(6), ⇣(w) 2 Q[ZX ,1

irr ] = Z and Z = Im ⇣ . Extending by
linearrity, it follows the expected result.

2. For any w 2 CONV, decomposing in {Sl}l2LynX\X (resp. {⌃l}l2LynY \{y1}) and reducing by
R

X
irr, ⇣(w) 2 Q[ZX ,1

irr ]. By linearity, if P 2 Q[{Sl}l2LynX\X ] (resp. Q[{⌃l}l2LynY \{y1}]) and
P /2 ker ⇣ ◆ RX then ⇣(P ) 2 Q[ZX ,1

irr ].
On the other hand, if Q 2 RX \ Q[LX ,1

irr ] then, by (16), ⇣(Q) = 0 and then, by (13), Q = 0
yielding the expected result.

⇤

Theorem 1 ([9, 10]). The Q-algebra Z is freely generated by Z
X ,1
irr and Z = Q1�

L
k�2Zk.

P���� – By (13) and Proposition 1, Z is freely generated by Z
X ,1
irr and ker ⇣ , being generated by the

homogenous in weight polynomials {Ql}l2LynX\gDIV, is graded. With the notations in Conjecture 1,
being isomorphic toQ1Y ⇤ � (Y \{y1})QhY i/ ker ⇣ and toQ1X⇤ �x0QhXix1/ ker ⇣ , Z is also graded.
⇤

Corollary 1 ([9, 10]). Let P 2 L
X ,1
irr . Then ⇣(P ) is a transcendent number.

P���� – Let P 2 QhX i and P /2 ker ⇣ , being homogenous in weight, or P 2 CONV. Since
ZkZk0 ⇢ Zk+k0 (k, k0 � 1) then each monomial (⇣(P ))k (k � 1) is of di�erent weight and then, by
Theorem 1, ⇣(P ) could not satisfy, over Q, an algebraic equation T k + ak�1T k�1 + . . . = 0 meaning
that ⇣(P ) is a transcendent number. Since any P 2 L

X ,1
irr is homogenous in weight then it follows the

expected result. ⇤

3This step and the following ones are not yet been achieved by the implementation in [3].
4See also [11] for further information.
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Example 1 (irreducible polyzetas, [3]).

Z
X,12
irr = {⇣(Sx0x1), ⇣(Sx2

0x1
), ⇣(Sx4

0x1
), ⇣(Sx6

0x1
), ⇣(Sx0x2

1x0x4
1
), ⇣(Sx8

0x1
),

⇣(Sx0x2
1x0x6

1
), ⇣(Sx10

0 x1
), ⇣(Sx0x3

1x0x7
1
), ⇣(Sx0x2

1x0x8
1
), ⇣(Sx0x4

1x0x6
1
)}.

Z
Y,12
irr = {⇣(⌃y2), ⇣(⌃y3), ⇣(⌃y5), ⇣(⌃y7), ⇣(⌃y3y51

), ⇣(⌃y9), ⇣(⌃y3y71
),

⇣(⌃y11), ⇣(⌃y2y91
), ⇣(⌃y3y91

), ⇣(⌃y22y
8
1
)}.

Example 2 (Rewriting on {⌃l}l2LynY \{y1} and {Sl}l2LynX\X , irreducible terms).
Rewriting on {⌃l}l2LynY \{y1} Rewriting on {Sl}LynX\X

3 ⌃y2y1 !
3
2⌃y3 Sx0x2

1
! Sx2

0x1

⌃y4 !
2
5⌃

2
y2 Sx3

0x1
!

2
5S

tt 2
x0x1

4 ⌃y3y1 !
3
10⌃

2
y2 Sx2

0x
2
1

!
1
10S

tt 2
x0x1

⌃y2y21
!

2
3⌃

2
y2 Sx0x3

1
!

2
5S

tt 2
x0x1

⌃y3y2 ! 3⌃y3⌃y2 � 5⌃y5 Sx3
0x

2
1

! �Sx2
0x1

Sx0x1 + 2Sx4
0x1

⌃y4y1 ! �⌃y3⌃y2 +
5
2⌃y5 Sx2

0x1x0x1
! �

3
2Sx4

0x1
+ Sx2

0x1
Sx0x1

5 ⌃y22y1
!

3
2⌃y3⌃y2 �

25
12⌃y5 Sx2

0x
3
1

! �Sx2
0x1

Sx0x1 + 2Sx4
0x1

⌃y3y21
!

5
12⌃y5 Sx0x1x0x2

1
!

1
2Sx4

0x1

⌃y2y31
!

1
4⌃y3⌃y2 +

5
4⌃y5 Sx0x4

1
! Sx4

0x1

⌃y6 !
8
35⌃

3
y2 Sx5

0x1
!

8
35S

tt 3
x0x1

⌃y4y2 ! ⌃ 2
y3 �

4
21⌃

3
y2 Sx4

0x
2
1

!
6
35S

tt 3
x0x1 �

1
2S

tt 2

x2
0x1

⌃y5y1 !
2
7⌃

3
y2 �

1
2⌃

2
y3 Sx3

0x1x0x1
!

4
105S

tt 3
x0x1

⌃y3y1y2 ! �
17
30⌃

3
y2 + 9

4⌃
2

y3 Sx3
0x

3
1

!
23
70S

tt 3
x0x1 � Stt 2

x2
0x1

⌃y3y2y1 ! 3⌃ 2
y3 �

9
10⌃

3
y2 Sx2

0x1x0x2
1

!
2

105S
tt 3
x0x1

6 ⌃y4y21
!

3
10⌃

3
y2 �

3
4⌃

2
y3 Sx2

0x
2
1x0x1

! �
89
210S

tt 3
x0x1 +

3
2S

tt 2

x2
0x1

⌃y22y
2
1

!
11
63⌃

3
y2 �

1
4⌃

2
y3 Sx2

0x
4
1

!
6
35S

tt 3
x0x1 �

1
2S

tt 2

x2
0x1

⌃y3y31
!

1
21⌃

3
y2 Sx0x1x0x3

1
!

8
21S

tt 3
x0x1 � Stt 2

x2
0x1

⌃y2y41
!

17
50⌃

3
y2 + 3

16⌃
2

y3 Sx0x5
1

!
8
35S

tt 3
x0x1

L
X,12
irr = {Sx0x1 , Sx2

0x1
, Sx4

0x1
, Sx6

0x1
, Sx0x2

1x0x4
1
, Sx8

0x1
,

Sx0x2
1x0x6

1
, Sx10

0 x1
, Sx0x3

1x0x7
1
, Sx0x2

1x0x8
1
, Sx0x4

1x0x6
1
}.

L
Y,12
irr = {⌃y2 ,⌃y3 ,⌃y5 ,⌃y7 ,⌃y3y51

,⌃y9 ,⌃y3y71
,⌃y11 ,⌃y2y91

,⌃y3y91
,⌃y22y

8
1
}.

3. Conclusion

Thanks to a Abel like theorem and the equation bridging the algebraic structures of the Q-algebra Z
generated by the polyzetas [5], the algorithm LocalCoordinateIdenti�cation provides the algebraic
relations5 among the local coordinates, of second kind on the groups of group-like series, of the
noncommutative series Ztt (i.e. {⇣(Sl)}l2LynX\X ) and Z (i.e. {⇣(⌃l)}l2LynY \{y1}). These relations
constitute two con�uent rewriting systems in which the irreducible terms, belonging toZX ,1

irr , represent
the algebraic generators for Z and, on the other hand, the tt-ideal RX and the -ideal RY represent
the kernels of the ⇣ polymorphism (Proposition 1). These ideals are generated by the polynomials, totally
ordered and homogenous in weight, {Ql}l2LynX\gDIV and are interpreted as the con�uent rewriting
systems in which the irreducible terms belong to LX ,1

irr and, in each rewriting rule ofRX
irr , the left side

5These are di�erent from those among {⇣(l)}l2LynX\gDIV obtained by “double shu�e relations” [8], for which Conjecture 1
holds, up to weight 10.

32



is the leading monomial of Ql, l 2 LynX \ gDIV and is transcendent over Q[LX ,1
irr ] while the right

side is canonically represented on Q[LX ,1
irr ]. It follows that ⇣(Q[LX ,1

irr ]), i.e. Z , as being isomorphic to
Q1X⇤ � x0QhXix1/RX and to Q1Y ⇤ � (Y \ {y1})QhY i/RY , is Q-free and graded (Theorem 1) and
then irreducible polyzetas, being Q-algebraic independent, are transcendent numbers (Corollary 1). By
these results, up to weight 12, Conjecture 1 holds (see also6 [7, 12]), i.e. ZX ,12

irr is Q-algebraically free
(Example 2).
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An e-origami artwork of a big wing crane
Tetsuo Ida†

University of Tsukuba, 1-1-1 Tennoudai, Tsukuba, 305-8573, Japan

Abstract
We present the construction of a big wing crane as an application of folding with virtual cutting and gluing edges
of origami faces in the e-origami environment. With the new methodology, we can reason about the construction
algorithm for classical origami in �ner steps rather than relying on the skill of the human hand. We employ a
new origami model, as described in our earlier work, and we have developed software that implements classical
origami folds.

Keywords
e-origami, classical fold, paper folding rule, cut and glue edges

1. Introduction

In our previous paper [1], we introduced a new technique of cut-and-glue of a shared face edge to
e-origami1. We observed that an origami artwork is a complex arrangement of bounded two-sided �at
planes, or faces, intricately connected and superposed by repeated folds of a single (virtual) sheet of
paper. This collection of faces culminates in an object with a remarkable shape.
Our research demonstrates that cutting an edge shared by two faces unveils a class of classical

folds. By gluing the faces divided by the cut, we restore the connection of the separated faces. This
cut-and-glue technique opens up vast possibilities, enabling the discovery of new folds that were
previously deemed impossible by Huzita-Justin folds, which, when applied to practical constructions,
have certain limitations that our approach overcomes [2] and [3]. The inside reverse fold, one of the
most straightforward classical folds, is not included in the Huzita-Justin folds. When we apply the
cut-and-glue technique, we can realize the inside reverse fold by combining Huzita-Justin folds. We
demonstrate the practical application of our method by constructing a big wing crane, a well-versed
sophisticated origami structure [4] that demands a deep research investigation.

2. Modeling for e-origami

Origami is a term meaning “folding paper.” It also refers to a sheet of paper used for origami. Folding
an origami along a fold line and unfolding the fold to the previous shape leaves a line segment, called
a crease, on the origami. We can construct various interesting geometric objects when we freely
choose fold lines and allow overlaps of faces without breaking the original sheet. When we impose
mathematically plausible fold line construction rules, we can de�ne an origami geometry that deserves
deep mathematical investigation.

Euclidean (plane) geometry constructs geometrical objects using only a straightedge and a compass.
Similarly, origami geometry, a tool-less approach, de�nes its rules. Huzita-Justin’s rules are the com-
monly agreed rule set on which origami geometry is based. In Table 1, we list some (4 out of 7) of the
Huzita-Justin rules implemented in the Eos system [5] that we use to construct a big wing crane. These
rules, together with newly implemented classical folds (see next section) and software tools of Eos,
allow us to manipulate origami �exibly.
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� ida@cs.tsukuba.ac.jp (T. Ida)
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1We use the term e-origami to refer to origami innovated by information technology.
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Table 1
Huzita-Justin rules

Rule Command Operation
(O1) HO[PQ] Fold along line PQ

(O2) HO[P,G] Fold to superpose point P and point Q
(O3) HO[PQ,RS] Fold to superpose line PQ and line RS

(O4) HO[PQ,X] Fold along the line perpendicular to line PQ that passes through point X

3. Modeling for e-origami

We give a mathematical notation for the de�nition of origami and reason about its properties. In origami,
we have faces and two kinds of neighborhood relations between the faces, i.e., superposition and
adjacency. The superposition is a vertical neighborhood relation, and the adjacency is a horizontal one.
A face is a polygon having an attribute of sides. When we denote polygon P1 . . . Pn, where we arrange
points P1 . . . Pn counterclockwise, we call the plane front side, and the polygon Pn . . . P1 is identi�ed
the same as with polygon P1 . . . Pn with the attribute of the back side. For any faces, f = P1 . . . Pn and
g = Q1 . . . Qn, f is equal to g i� g is a cyclic permutation of f or a cyclic permutation of a reverse of f .
We let ⇧ be a �nite set of faces, v be a binary relation on ⇧, called adjacency relation, and � be a

binary relation on ⇧, called superposition relation. An abstract origami is a structure (⇧,v,�). We
abbreviate abstract origami to AO. We denote the set of AOs byO. An abstract origami system is an
abstract rewriting system (O,#) [6] , where # is a rewrite relation onO, called abstract fold.
For O,O

0(2 O), we write O # O
0 when O is abstractly folded to O

0. We begin an origami
construction with an initial AO and perform an abstract fold repeatedly until we obtain the desired AO.
Usually, we start an origami construction with a square sheet of paper. This initial sheet of paper is
abstracted as a structure having a single distinguished face denoted by the numeral 1. Then, the initial
AO O1 is represented by ({1}, ;, ;). Furthermore, when we fold face n, the face is divided into two
faces 2n and 2n+ 1. We use this convention in this paper and the realization of the data structure of
the e-origami system E�� [7] and the origami language Orikoto of E��. Suppose that we are at the
beginning of step i of the construction, having AOOi�1 = (⇧i�1,vi�1,�i�1). We perform an abstract
fold and obtain a next AO Oi = (⇧i,vi,�i). Thus, we have the following#-sequence.

O1 # O2 # · · · # On

An abstract origami construction is a �nite#-sequence of AOs. In concrete terms, the operation# can
be a fold by one of Huzita-Justin’s rules, a mountain fold, a valley fold, etc., each requiring arguments
of di�erent kinds. We abuse Oi to be a name of the origami constructed at step i.
We now move on to concrete origami. Origami is a term meaning “folding paper.” It also refers

to a sheet of paper used for origami. Folding an origami along a fold line and unfolding the fold to
the previous shape leaves a line segment, called a crease, on the origami. We can construct various
interesting geometric objects when we freely choose fold lines and allow overlaps of faces without
breaking the original sheet. When we impose mathematically plausible rules for choosing fold lines, we
can de�ne an origami geometry that deserves deep mathematical investigation.
Euclidean (plane) geometry constructs geometrical objects using only a straightedge and a com-

pass. Similarly, origami geometry, a tool-less approach, de�nes its rules. Huzita-Justin’s rules are the
commonly agreed rule set on which origami geometry is based. In Table 1, we list some (4 out of 7)
Huzita-Justin rules that we use to construct a big wing crane. These rules, newly implemented classical
folds (to be discussed in the next section), and our software tools allow us to manipulate origami �exibly.
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4. Classical Folds

4.1. Mountain fold and Valley fold

Understanding the fundamental fold operations of the mountain and valley fold is crucial in origami.
These folds are named after the resemblance of the crease to a mountain ridge and a valley lap. The
crease is formed by the unfold operation that follows the mountain (or valley) fold. The result of the
valley fold is shown in Fig.1(b). The origami is now two-layered, but the back layer is not visible since
the upper triangle face completely overlaps the lower triangle face. Next, we unfold the origami shown
in Fig. 1(c). Unfold does not mean "undoing," although we recover the shape of the origami to the one
in Fig.1(a) except for the dotted line segment CA. We call the line segment valley crease. If we have a
rich imagination, the crease looks like a lap in the valley.

(a) before valley fold (b) a�er valley fold (c) a�er unfold

Figure 1: Valley fold

Similarly, we have a mountain fold below.

(a) beforemountain fold (b) a�er mountain fold (c) a�er unfold

Figure 2: Mountain fold

The mountain and valley folds are similar to the Huzita-Justin rule (O1), with the important di�erence
that rule (O1) operates on all the stacked faces. In contrast, the mountain and valley folds apply to
automatically selected faces.
The terms “valley” and “mountain” are sometimes misleading to beginner origami hobbyists since

those folds are not necessarily immediately followed by an unfold. Hence, valley and mountain creases
may not appear unless the origami is entirely unfolded. More geometrically clear terminology is desired
for origami geometers.

4.2. FO

The above observation led us to de�ne command FO. FO, standing for Fold Origami, is a command
FO[✓][faces, ray] for rotating target faces along ray by angle ✓. It is a generalization of the mountain
and valley folds. The implementation of FO contains an algorithm to select the target faces to be rotated
based on faces.

Note that FO is de�ned as a Curried function. Using FO, we could de�ne ValleyFold and MountainFold
as follows:

ValleyFold = FO[-⇡]; MountainFold = FO[⇡];

With ✓ other than±⇡, FO constructs a 3D origami in general. Usually, we use FO[✓] towards the ending
steps of the construction.
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4.3. Inside reverse and outside reverse folds

The inside reverse and outside reverse folds are often used in paper folding. Both work on a pair of
superposed faces that share an edge. When the cut-and-glue technique is introduced, both folds are
realized by combinations of the valley and mountain folds. However, each uses the valley and mountain
folds on opposite faces.

4.3.1. Inside reverse fold

Below we show a simple example of an inside reverse fold. Let

O1 #⇤
O4 #⇤

O6 # O7 # O8

be a construction sequence of the example. Each origami Oi, i 2 {1, 4, 6, 7, 8} is visualized in Fig. 3.

(a) O1 (b) O4 (c) O6

(d) O7 (e) O8 (f) O0
8 with wider gap

Figure 3: Inside reverse fold

Origami O4 is consructed from O1 by a sequence of commands; VallyFold, ValleyFold, and Unfold. It
is a double-layered stack of faces. On the top layer are two faces, i.e., face CFE and face AEFD. On the
second one, i.e., the bottom layer, are two faces of the same shapes as the ones above but in opposite
orientations. Each face is identi�ed by a unique face ID, automatically assigned by the system. In this
elementary example, we do not have to be concerned with face IDs since it is unnecessary to specify to
which faces we apply the inside reverse fold. To the example O4 of Fig. 3(b) we apply the following
command:

InsideReverseFold["CE", "FE"]

The �rst argument, CE, speci�es the edge to be cut. It is speci�ed as the type ray. The second argument,
FE, is the ray along which mountain and valley folds are performed. The above inside reverse fold
command performs the following operations:

1. Check if the inside reverse fold is feasible. Namely, check if \CFE  ⇡/2.
2. Cut the edge CE. As a result, point C is split into C and C1(not shown). The result is O5. Origami

O5 is not shown in Fig. 3.
3. Valley fold along ray FE. The face C1EG is moved. We impose a rule that faces to the right of a fold

line (interpreted as a ray) are moved by a fold. The result is O6,
4. Mountain fold along ray FE. The face CFE is moved. The result is O7.
5. Glue the moved edges CE and C1E to form a new edge CE. The result is O8.
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Note in passing that performing Steps 2 and 3 above in sequence would only be possible when we
cut and separated the shared edge EC. As we construct origami in a virtual space, we can cut CE and
glue the moved CEs without complication. After following the above steps, the obtained origami is
shown in Fig. 3(e) and (f); the latter illustrating the ins and outs of the origami object. Our specially
designed viewer generates this graphics image, providing a comprehensive view of the origami.
On the other hand, in the case of the outside reverse fold, we make a polygonal cover on the faces.

4.3.2. Outside reverse fold

An outside reverse fold is similar to an inside reverse fold. The di�erence is that the outside reverse
fold applies mountain and valley folds to di�erent faces in opposite layers. We refer to the construction
sequence

O1 # O2 # · · · # O8,

where Oi, i = 1, . . . , 8 are visualized in Fig. 4(a)⇠(e). We apply the following command:

OutsideReverseFold["CE","FE"] (1)

to O4, and obtain O8. Note that constraint ⇡/2  \CEF  ⇡ should be satis�ed; otherwise the
execution of (1) fails. The origami construction sequence in Fig. 4 is now self-explanatory. Figure 4 (f)
shows the origami structure of O8 more clearly.

(a) O1 (b) O4 (c) O6

(d) O7 (e) O8 (f) O0
8 with wider gap

Figure 4: Outside reverse fold

4.3.3. Other classical folds

In addition to the classical folds we have discussed so far, we analyzed the folding algoriths of the
following classical folds well-known in the origami community and implemented them: SquashFold,
RabbitEarFold, SwivelFold, InsideCrimpPleatFold, and OutsideCrimpPleatFold, using the cut-and-glue
technique. They are given in the Appendix.

5. Construction of a big wing crane

5.1. Overview

A crane origami is an exciting example. It is one of the best-known artworks, requiring the classical
folds we discussed. Making a delicate crane by hand is challenging for beginner origami hobbyists. In
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the context of e-origami, this example poses another challenge in modeling a new class of folds. We
will present the construction of a big wing crane origami. However, instead of describing in natural
language with guiding icons and annotation, we present an algorithm for constructing a crane origami.
This algorithm provides a step-by-step prescription for folding the crane in a programming language.
We present a big wing crane, a well-known �ying crane origami variation [4]. Algorithmically, it is
simpler than the ordinary, well-known ones.

We start with a rhombus-shaped piece of paper. We have included entire program codes in a separate
webpage (www.i-eos.org/orikoto-program-of-a-big-wing-crane) to help the reader better understand
the internal origami structure. These codes are not just for show-they allow us to visualize the intricate
folds and their arrangement, making the construction process more accessible. In this construction,
we specify the origami faces of textured patterns on the completed work, adding an artistic dimension
to the origami. This approach, requiring a special texture mapping algorithm, opens up new creative
possibilities in origami modeling. To complete the artwork shown below, we need 71 steps. In one step,
an origami object will make one structural change. For example, we count one structural change of
the origami object in one application of a valley fold, a mountain fold, and one of the Huzita-Justin
folds. One inside reverse fold requires four substeps, i.e., cut, valley fold, mountain fold, and glue. The
number of steps for the entire construction is surprisingly large at �rst sight, but we should observe
that the origami objects have several symmetries. Therefore, a similar code sequence is repeated more
than once. The number of crucial operations is limited. While the space is limited in this paper, we
assure the readers that they grasp the essence of the construction by showing carefully selected crucial
steps and output graphics of the origami construction process.
The construction consists of the following four stages.

(1) bird base construction,
(2) leg construction,
(3) bill construction,
(4) wing construction.

We will brie�y explore the steps in each stage.

5.2. Bird base construction

LLet ⌧ be a construction O1 #⇤
Ok, where k > 1 and Ok has a certain distinguidh feature A, we call

⌧ an A-base construction. We want to construct a bird-like origami Ok . In this stage, we will construct
a bird base, i.e., A is a bird and k = 49. We also call Ok a bird base.

Let ⌧ be a construction O1 #⇤
Ok , where k > 1 and Ok has a certain distinguidh feature A, we call

⌧ an A-base construction. We want to construct a bird-like origami Ok . In this stage, we will construct
a bird base, i.e., A is a bird and k = 49. We also call Ok a bird base.
The �rst 11 steps in ⌧ produce O1, . . . , O11 shown in Fig. 5. We start with an initial origami of a

rhombus shape to make the crane’s wings bigger than the crane made from the square initial origami.
Applying rule (O2) to O1 and O2, we obtain O3. O3 is quad layered. We apply rule (O3) to fold O3

along the bisector of \BCE, and then unfold O4 to obtain O5. Steps 4 and 5 aim to construct a valley
crease F4E that will be used in the inside reverse fold on O5. O5 has three other creases, F3E, F2E, and
F1E, at the intersection of the bisector and the hypotenuses of the right triangular faces on four layers.
The subsequence of the construction O5 #⇤

O9 # O10 shows the �rst application of the inside
reverse fold on O5:

InsideReverseFold}["BE", "F4E"].

The application of InsideReverseFold requires four substeps, i.e., cut, valley fold, mountain fold, and
glue, and returns O9. The top view of O5 and O9 appears the same, but two triangular faces BF3E and
BF4E have been moved below face CEF4 in O9 by the application. When we move face CEF4 at step 10,
we observe the di�erence. By turning over O10, we have origami O11 seen from the backside2.
2We have a command TurnOver[ray], which is a variation of FO[⇡][ray].
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(a) O1 (b) O2 (c) O3 (d) O4

(e) O5 (f) O9 (g) O10 (h) O11

Figure 5: Subsequence 1 of the bitd base

Similarly, we apply another inside reverse fold to the right half of O11, and by following the con-
struction sequence O11 #⇤

O15 # O16 # O17.

(a) O15: by insert reverse
fold

(b) O16: by (O1) (c) O17: by turn over

Figure 6: Subsequence 2 of the bird base

The rest of the subsequence in the bird base is given in Figs. 7 and 8 with annotation in the title of
each sub-�gure. Each sequence of �gures are the visualization of
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#⇤
O23 # O29 # O30,

and
#⇤

O36 # O42 # O43 #⇤
O46 # O48 # O49.

(a) O23: by insert reverse
fold

(b) O29: by insert reverse
fold

(c) O30: by turn over

Figure 7: Subsequence 3 of the bird base

At the end of the bird base construction, we obtain O48 and O49. The latter is the bird base. The bird
base is crucial in origami crane construction, whether for the big wing crane or for a commonly known
classical crane. This slim diamond-shaped origami piece has a crack in the middle of the upper half
shown in O49 in Fig. 8(f). This piece is quad-layered, and each double layer is vertically symmetric as
well as horizontallly symmetric with respect fo the axis AB.

5.3. Leg construction

The leg construction subsequence is the following:

#⇤
O53 #⇤

O
⇤
57 #⇤

O61

We apply the inside reverse fold to the right and left parts of the bird base O49. Note that the inside
reverse fold can be applied to multiple layers of faces.

5.4. Bill construction

The bill construction subsequence is the following:

#⇤
O61 #⇤

O63 #⇤
O67 # O68

Here, we make crease Z1Z2, where we choose by the designer’s preference arbitraly positions of points
Z1 and Z2 on the edges. The crease determines the twist of the bill. We apply the inside reverse fold on
O62. Then, we rotate O66 along R1L1 by ⇡ and obtain O68.

5.5. Wing construction

Finally, we apply the command FO twice to make the origami three-dimensional. We apply FO[-(3/8) ⇡]
to those faces that constitute the wings. We complete the construction to bring the bill partly to the
right, as this is our preferred posture. Our viewer can manipulate the origami object. The viewer and
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(a) O36: by insert reverse
fold

(b) O42: by insert reverse
fold

(c) O43: by turn over

(d) O46: bring inner face to
outside

(e) O48: bring inner face to
outside

(f) O49: by turn over

Figure 8: Subsequence 4 of the bird base

Mathematica’s graphics functions [8], for example, remove the point names and change the size of the
image and lighting.

#⇤
O69 # O70 # O71

5.6. Texture mapping and adjustment of posture

The following are the results of our artwork. Figure 11(a) is the polished version of O71. We removed
the point names, enlarged the image, and readjusted the posture of the crane. Figures 11(b) and (c)
are obtained by adding textures to the image of O71, using the functionality of texture mapping of
Mathematica.

6. Concluding remarks

We have shown that the cut-and-glue technique simpli�es modeling the classical folds and, hence,
the implementation in the e-origami environment. Using a cut operation, we have shown that the
seemingly complex inside (and outside) reverse fold is reduced to a sequence of FO folds. We illustrated
other popular classical folds, such as a rabbit ear fold, are realized similarly.
We constructed a big wing crane origami as a nontrivial application of the newly de�ned inside

reverse fold. The design is coordinate-free yet allows for the freedom of choice of wing angles and
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(a) O53: creae X1F3 (b) O57: by insert reverse
fold

(c) O61: right leg construc-
tion

Figure 9: Leg construction

(a) O61 (b) O63 (c) O67 (d) O68

two positions of bending points of a bill. The construction proceeds as step-by-step fold operations
described in the Orikoto origami programming language. Thus, creating a big wing crane is purely an
algorithmic process. Furthermore, the added feature of texture mapping of our system, Eos, makes the
�nal product more original artwork.

The algorithm’s implementation in the earlier paper [1] was extensively tested and extended for more
capabilities. The newer Eos version and the construction program are published at the website [9].
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A. Classical folds realizable by cut-and-glue technique

• Squash fold
SquashFold = InserReverseFold; (O1)

• Inside crimp pleat fold
• Outside crimp pleat fold
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(a) before
#⇤

(b) a�er

(a) before
#⇤

(b) a�er

• Rabbit ear fold

(a) before
#⇤

(b) a�er

• Swivel fold

(a) before
#⇤

(b) a�er
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1. Extended Abstract

The context is the Newtonian equal-mass three-body problem [Newton1687]. It’s been a couple of
decades since the discovery by Cris Moore [Moore1993] of a new periodic choreographic orbit, the
�rst since Euler [Euler1767] and Lagrange [Lagrange1772]. Choreographic means that the all the
particles follow the same orbital path. This �gure-eight orbit was a numerical solution done on a
Mac SE when looking for braids in orbits. The proof of its mechanical existence by Richard Mont-
gomery [Montgomery1998] and Alain Chenciner [ChencinerMontgomery2000]was seen as important
[see also [Chen2001] and [Nauenberg2007]] . Poincaré [Poincare1890] had discussed the necessarily
complex, even chaotic, nature of 3-body orbits [Poincare1890] . This led to additional hundreds of
new periodic choreographic orbits found numerically by Carles Simó [Simo2002] and later others
[SuvakovDmitrasinovic2013]. The required proofs that these were also more than numerical objects
still remain to be provided, with a few exceptions.
At about the same time, there was a renewal of interest in the use of the discrete Fourier transform

(DFT) in Euclidean geometry. This subject goes back to Jesse Douglas [Douglas1940a] and Isaac
Schoenberg [Schoenberg1950]. The second simplest consideration of this type is based on the harmonic
analysis of the cyclic group of order 3 (second because order 2 is even simpler than 3). The basic
assertion is then the classical construction of Napoleon’s Theorem. Any triangle, seen as a triple of
points in the complex plane, may be written as a complex linear combination of the totally degenerate
triangle consisting of three coincident points located at 1, and the two standard equilateral triangles
drawn in the unit disk with a vertex at 1, one for each possible orientation.
Returning to mechanics, one remarks that a solution of a three-body problem means giving the

evolution in space of the three coordinates of the point masses involved. If the masses are all equal we’re
looking at the evolution of a simple triangle in the plane, thanks to the conservation laws of mechanics.
Viewing the triangle in terms of harmonic coordinates as mentioned above, the �rst coordinate is the
constant center of gravity of the three masses, so unmoving. Thus, to a 3-body solution correspond two
more plane curves which are the tracks of the two non-degenerate harmonic coordinates.
In the case of the new �gure-eight choreography, the DFT leads to two symmetrical ’triangular

platelet boundaries’. It is known that the �gure-eight orbit is not a lemniscate, or indeed parametrizable
in terms of well-known special functions. So it might seem there may be some collection of special
functions associated with Newtonian mechanics and good for parameterizing such curves.

It is appealing to see what the apparently very complicated higher-order Simó choreographies may
lead to. One takes the conventional orbits and performs a DFT as above, then plots the resulting curves.
These display visually a high degree of symmetry and regularity not apparent in the original orbits.
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Actually Simó’s published discussions of how he found and calculated his 343 new periodic 3-body
choreographies, and a number of choreographies for more bodies (some simple ones being just equally
spaced rings of more than 3 particles) do not provide full sets of initial conditions that allow reproducing
his results in, say, Octave (an open source analogue of Matlab). He remarks in his work that published
initial values are often not precise enough to allow numerical following of orbits that are claimed, or
indeed illustrated. So to produce the required DFT images I had to reverse engineer the (to me) rather
odd plot format made public by Simó. The results I put up on a personal website at the University
of Michigan [IonWeb]. Then I redid another version, creating SVG images using Mathematica 4, and
added those for viewing.
Early on, there was much interest in recreating the original �gure-eight orbit; many people did

so. There were contributions from numerical analysis experts — such as Broucke [Broucke1975],
Hadjidemetriou [Hadjidemetriou1975], Kapela et al. [Kapela2005]– and celestial orbit people — such
as Marchal [Marchal2002], Hénon [Henon1976], Aarseth [Aarseth2003], Alexander D.Bruno, Mon-
taldi and Steckles [MontaldiSteckles2013], Gerver [Gerver2003a], Moeckel [Moeckel2012], Terracini
[Terracini2006], Ferrario [Ferrario2024], Zhifu Xie [Xie2022] — and also by others — such as Jenkins
[JenkinsWeb], Vanderbei [VanderbeiWeb]; Jenkins, a self-proclaimed amateur, like others, also created
a notable web site allowing orbit viewing using Java. The methods ranged from Runge-Kutta numerics
of various types to action minimization and other variational routines, or used built-in solvers like
those of [Mathematica], [Maple], or [Matlab] and [Octave]. At one point I counted about 40 di�erent
approaches. Of course, a number of the web presences of these e�orts have by now disappeared. Notable
to me was that though there were lots of �gure eights, say, there was no clarity that they were all
describing the same orbit—the results are given as a �nite sequence of computed coordinate values of
widely varying precisions. Phil Sharp [Sharp2006] (and I) produced a Matlab routine that showed the
choreographic eight, but a change of 1 part in 1012 in initial conditions splits the result into three parallel
orbits that were, of course, visually indistinguishable, if plotted ordinarily, from the true choreography’s
single repeated orbit.

More recently, in 2019, Li and Liao [LiLao2019] announced discovery of 313more periodic collisionless
orbits. Then in 2023 Hristov, Hristova, Dmitra�inovi� and Tanikawa [HristovEtAl2024] announced more
than 12,000 distinct 3-body orbits, derived using newer computing hardware and a re�ned assignment
of symbol sequences to trajectories that made search for suitable orbits easier. They also pointed out
some edge problems with Li and Liao’s listing. It is now time to examine the new orbits from the DFT
point of view. This involves reviving some older constructions which ran �ne under earlier versions of
scripting languages (e.g. Python, Javascript), graphics technology (e.g. SVG), numerical technology (e.g.,
[Octave], [Numpy] etc., Java) and symbolic computation platforms (e.g. [Mathematica] and [Maple]).
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4PMWJOH &TUJNBUJPO 1SPCMFNT 6TJOH .JOJNBY 1PMZOPNJBMT
BOE (S¶COFS #BTFT࣏
,FOUB ,VSBNPDIJ�
 "LJSB 5FSVJ�
࠭ BOE .BTBIJLP .JLBXB�

�.BTUFSڼT 1SPHSBN JO .BUIFNBUJDT
 (SBEVBUF 4DIPPM PG 4DJFODF BOE 5FDIOPMPHZ
 6OJWFSTJUZ PG 5TVLVCB
 5TVLVCB ��������
 +BQBO
�*OTUJUVUF PG 1VSF BOE "QQMJFE 4DJFODFT
 6OJWFSTJUZ PG 5TVLVCB
 5TVLVCB ��������
 +BQBO
�*OTUJUVUF PG -JCSBSZ
 *OGPSNBUJPO BOE .FEJB 4DJFODF
 6OJWFSTJUZ PG 5TVLVCB
 5TVLVCB ��������
 +BQBO

"CTUSBDU
8F QSPQPTF B NFUIPE GPS TPMWJOH UIF TQFFDI EJSFDUJPO FTUJNBUJPO QSPCMFN CZ DPNQVUFS BMHFCSB� 5IF NFUIPE JT
CBTFE PO UIF GVODUJPO BQQSPYJNBUJPO VTJOH UIF NJOJNBY QPMZOPNJBM� 5IF NJOJNBY QPMZOPNJBM JT PCUBJOFE CZ BO
JUFSBUJWF NFUIPE DBMMFE UIF 3FNF[ FYDIBOHF BMHPSJUIN
 JO XIJDI (S¶COFS CBTFT DPNQVUBUJPO JT FNQMPZFE� 8F
QSFTFOU BO FसFDUJWF XBZ UP DPNQVUF UIF NJOJNBY QPMZOPNJBM VTJOH (S¶COFS CBTFT�

,FZXPSET
&TUJNBUJPO QSPCMFN
 'VODUJPO BQQSPYJNBUJPO
 .JOJNBY QPMZOPNJBM
 3FNF[ FYDIBOHF BMHPSJUIN
 (S¶COFS CBTJT

4QFFDI EJSFDUJPO FTUJNBUJPO QSPCMFN

�� *OUPSEVDUJPO

*O UIJT QBQFS
 XF EJTDVTT TPMWJOH FTUJNBUJPO QSPCMFNT XJUI B GVODUJPO BQQSPYJNBUJPO NFUIPE VTJOH UIF
NJOJNBY QPMZOPNJBM BOE DPNQVUFS BMHFCSB�

'VODUJPO BQQSPYJNBUJPO JT UIF UFDIOJRVF UP BQQSPYJNBUF GVODUJPOT� *U JT VTFE UP NBLF B TFRVFODF PG
QPMZOPNJBMT GPS QSPWJOH UIF EFOTJUZ PG GVODUJPO TQBDF <�> PS UP SFHBSE B GVODUJPO BT B QPMZOPNJBM GPS
FWBMVBUJPO <�>� 7BSJPVT NFUIPET GPS GVODUJPO BQQSPYJNBUJPO IBWF CFFO QSPQPTFE
 TVDI BT UIF .BDMBVMJO
FYQBOTJPO PS UIF MFBTU TRVBSFT NFUIPE <�>� )FSF
 BT POF PG UIFN
 XF QSFTFOU UIF NJOJNBY BQQSPYJNBUJPO
BOE 3FNF[ FYDIBOHF BMHPSJUIN� 5IF NJOJNBY BQQSPYJNBUJPO JT UIF BQQSPYJNBUJPO VTJOH UIF QPMZOPNJBM
XIJDI NFFUT UIF QSPQFSUZ UIBU UIF NBYJNVN WBMVF PG UIF EJसFSFODF CFUXFFO UIF HJWFO GVODUJPO BOE
UIF EFSJWFE QPMZOPNJBM JT UIF TNBMMFTU PG BMM QPMZOPNJBMT JO B HJWFO EPNBJO� 5IF QPMZOPNJBM TBUJTGZJOH
TVDI B QSPQFSUZ JT DBMMFE UIF NJOJNBY QPMZOPNJBM� 4JODF NJOJNBY QPMZOPNJBMT BSF QPMZOPNJBMT
 POF
DBO VTF BMHFCSBJD DPNQVUBUJPO� 0O UIF PUIFS IBOE
 UIF JOUFSQPMBUJPO NFUIPE <�>
 XIJDI JT GSFRVFOUMZ
VTFE JO DPNQVUFS BMHFCSB
 FTUJNBUFT UIF QPMZOPNJBM CBTFE PO EJTDSFUF QPJOUT BOE WBMVFT PO UIF PSJHJOBM
GVODUJPO� $PNQBSFE XJUI UIF JOUFSQPMBUJPO NFUIPE
 UIF NJOJNBY BQQSPYJNBUJPO JT CFUUFS GPS FSSPST
 UIBU
JT
 UIF NBYJNVN WBMVF PG FSSPST PG UIF NJOJNBY QPMZOPNJBM JT MFTT UIBO UIBU PG UIF QPMZOPNJBM PCUBJOFE
CZ UIF JOUFSQPMBUJPO NFUIPE JO NBOZ DBTFT� *O DPNQVUJOH UIF NJOJNBY QPMZOPNJBM
 BO JUFSBUJPO NFUIPE
DBMMFE UIF 3FNF[ FYDIBOHF BMHPSJUIN JT VTFE�
&TUJNBUJPO QSPCMFNT BSF UIF QSPCMFNT PG FTUJNBUJOH VOLOPXO JOGPSNBUJPO VTJOH BMSFBEZ LOPXO

JOGPSNBUJPO� 4PMWJOH FTUJNBUJPO QSPCMFNT JT JNQPSUBOU JO EFWFMPQJOH EFWJDFT TJODF PCKFDUT UIBU BSF
NFBTVSBCMF BSF MJNJUFE� 5P TPMWF FTUJNBUJPO QSPCMFNT
 POF VTFT OVNFSJDBM NFUIPET TVDI BT UIF HSBEJFOU
NFUIPE <�> PS UIF HFOFUJD "MHPSJUINT <�>� )PXFWFS
 UIF HSBEJFOU NFUIPE NBZ SFUVSO B MPDBM TPMVUJPO
EFQFOEJOH PO JOJUJBM WBMVFT TJODF JU VTFT MPDBM DPOWFSHFODF QSPQFSUJFT
 BOE UIF HFOFUJD BMHPSJUIN IBT TPNF
EJTBEWBOUBHFT JO UIBU JU TPNFUJNFT TPMWFT UIF FTUJNBUJPO QSPCMFN OPU QSPQFSMZ EVF UP UIF QIFOPNFOB
DBMMFE JOJUJBM DPOWFSHFODF BOE IJUDIIJLJOH� 0O UIF PUIFS IBOE
 UIF FTUJNBUJPO NFUIPE VTJOH NJOJNBY

4$44 ����� ��UI *OUFSOBUJPOBM 4ZNQPTJVN PO 4ZNCPMJD $PNQVUBUJPO JO 4PࡥXBSF 4DJFODF
 "VHVTU 
��ڶ�� ����
 5PLZP
 +BQBO࣏
5IJT XPSL XBT QBSUJBMMZ TVQQPSUFE CZ +," BOE JUT QSPNPUJPO GVOET GSPN ,&*3*/ 3"$&�࠭$PSSFTQPOEJOH BVUIPS�
£ T�������!V�UTVLVCB�BD�KQ 	,� ,VSBNPDIJ
� UFSVJ!NBUI�UTVLVCB�BD�KQ 	"� 5FSVJ
� NJLBXB!TMJT�UTVLVCB�BD�KQ 	.� .JLBXB

ç IUUQT���SFTFBSDINBQ�KQ�BUFSVJ 	"� 5FSVJ
� IUUQT���NJLBXBMBC�PSH� 	.� .JLBXB

Ȉ ������������������� 	"� 5FSVJ
� ������������������� 	.� .JLBXB


i ���� $PQZSJHIU GPS UIJT QBQFS CZ JUT BVUIPST� 6TF QFSNJUUFE VOEFS $SFBUJWF $PNNPOT -JDFOTF "UUSJCVUJPO ��� *OUFSOBUJPOBM 	$$ #: ���
�
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BQQSPYJNBUJPO UPHFUIFS XJUI (S¶COFS CBTFT <�> DPNQVUBUJPO NBZ BWPJE UIFTF QIFOPNFOB
 GPS UIJT
NFUIPE FWBMVBUFT WBMVFT HMPCBMMZ�
*O UIJT QBQFS
 XF QSPQPTF B NFUIPE GPS TPMWJOH FTUJNBUJPO QSPCMFNT VTJOH UIF NJOJNBY QPMZOPNJBM

BOE (S¶COFS CBTFT
 BT GPMMPXT� 'JSTU
 GPS B HJWFO NBUIFNBUJDBM NPEFM 	GVODUJPO
 PG UIF FTUJNBUJPO
QSPCMFN
 XF DBMDVMBUF UIF NJOJNBY QPMZOPNJBM XIJDI BQQSPYJNBUFT UIF HJWFO GVODUJPO� 5IFO
 XF
NBLF B TZTUFN PG QPMZOPNJBM FRVBUJPOT BOE TPMWF JU XJUI (S¶COFS CBTFT DPNQVUBUJPO GPS PCUBJOJOH
UIF TPMVUJPO PG UIF FTUJNBUJPO QSPCMFN� 'VSUIFSNPSF
 XF BQQMZ UIF QSPQPTFE NFUIPE UP UIF TQFFDI
EJSFDUJPO FTUJNBUJPO QSPCMFN
 XIJDI JT BO FTUJNBUJPO PG UIF EJSFDUJPO PG B TQFBLFS VTJOH B NJDSPQIPOF
BSSBZ� 'PS UIF TQFFDI EJSFDUJPO FTUJNBUJPO QSPCMFN
 B NFUIPE VTJOH UIF (FOFUJD "MHPSJUIN IBT CFFO
QSPQPTFE <�>� 8F TIPX UIBU XF DBO FसFDUJWFMZ VTF UIF NJOJNBY BQQSPYJNBUJPO BOE (S¶COFS CBTFT GPS
हOEJOH HMPCBM TPMVUJPOT UP UIF TQFFDI EJSFDUJPO FTUJNBUJPO QSPCMFN�

5IF QBQFS JT PSHBOJ[FE BT GPMMPXT� *O 4FDUJPO �
 XF SFWJFX UIF EFहOJUJPO PG UIF NJOJNBY QPMZOPNJBM
BOE UIF 3FNF[ FYDIBOHF BMHPSJUIN� *O 4FDUJPO �
 B॑FS EFहOJOH UIF FTUJNBUJPO QSPCMFN NPSF NJOVUFMZ

XF QSPQPTF B TPMVUJPO GPS UIJT VTJOH UIF NJOJNBY BQQSPYJNBUJPO BOE (S¶COFS CBTFT� *O 4FDUJPO �
 XF
JOUSPEVDF UIF TQFFDI EJSFDUJPO FTUJNBUJPO QSPCMFN
 XIJDI JT UIF UBTL XF BSF XPSLJOH PO
 BOE FYQMBJO
UIF SFBTPO XIZ UIF NFUIPE JO UIJT QBQFS DBO CF VTFE� *O 4FDUJPO �
 XF DPODMVEF BOE QJDL VQ TPNF
DIBMMFOHFT XF BSF GBDJOH BOE UBTLT UP JNQSPWF PVS UBTLT�

�� 1SFMJNJOBSJFT

-FU દ CF B हFME� 5IF OPUBUJPO દ<ૌ> PS દ<ૌ�
 ۩ 
 ૌૂ> TUBOET GPS UIF SJOH PG QPMZOPNJBMT PWFS દ JO ૌ�
 ۩ 
 ૌૂ�
'PS B GVODUJPO ઻
 ۙ઻ ࠴ۙ EFOPUFT UIF JOहOJUZ OPSN PG ઻�
���� .JOJNBY "QQSPYJNBUJPO

*O UIF GPMMPXJOH
 MFU <શ
 ષ> CF B DMPTFE JOUFSWBM BOE ઻ CF B DPOUJOVPVT GVODUJPO PO <શ
 ષ>�
%FࡵOJUJPO ��� 	.JOJNBY QPMZOPNJBM
� 'PS UIF GVODUJPO ઻ JO BCPWF
 B QPMZOPNJBM ફ ࠞ દ<ૌ> PG EFHSFF િ
XIJDI NJOJNJ[FT ۙ઻ ࠨ ફۙ࠴ � NBYશࡸૌࡸષ ]઻ 	ૌ
 ࠨ ફ	ૌ
] 

JT DBMMFE UIF િ�UI NJOJNBY QPMZOPNJBM PG ઻�
%FहOJUJPO ��� TBZT UIBU
 JG ફ ࠞ દ<ૌ> JT UIF િ�UI NJOJNBY QPMZOPNJBM PG ઻
 UIF JOFRVBMJUZ

NBYશࡸૌࡸષ ]઻ 	ૌ
 ࠨ ફ	ૌ
] ࡸ NBYશࡸૌࡸષ ]઻ 	ૌ
 ࠨ બ	ૌ
]

GPMMPXT GPS BOZ બ ࠞ દ<ૌ> XJUI EFHબ � િ� *O PUIFS XPSET
 UIF િ�UI NJOJNBY QPMZOPNJBM JT UIF CFTU
QPMZOPNJBM JO UFSNT PG FSSPS� 5IVT
 POF TIPVME VTF UIF NJOJNBY QPMZOPNJBM JG POF XBOUT UP BQQSPYJNBUF
UIF HJWFO GVODUJPO CZ QPMZOPNJBMT XJUI NJOJNJ[JOH FSSPST�
5IF GPMMPXJOH UIFPSFN <�> UFMMT VT UIBU UIBU UIBU WBMVF IBT B NJOJNVN WBMVF�

5IFPSFN ���� *G UIF GVODUJPO ઻ JT DPOUJOVPVT
 UIF ઻ IBT B VOJRVF િ�UI NJOJNBY QPMZOPNJBM GPS BOZ િ ࠞ ��ࡹݢ
'VSUIFSNPSF
 XF DBO DPOTUSVDU UIF િ�UI EFHSFF NJOJNBY QPMZOPNJBM CZ "MHPSJUIN ��

'PS EFUBJMT PG "MHPSJUIN � TVDI BT VOJRVFOFTT BOE UFSNJOBUJPO
 TFF <�>� /PUF UIBU "MHPSJUIN �
OFFET UP DPNQVUF UIF TPMVUJPO PG B TZTUFN PG MJOFBS FRVBUJPOT BOE UIF FYUSFNVN QPJOUT PG DPOUJOVPVT
GVODUJPOT� 	8F IBWF JNQMFNFOUFE "MHPSJUIN � VTJOH B DPNQVUFS BMHFCSB TZTUFN 3JTB�"TJS <�> XJUI UIF
MJCSBSZ PT@NVMEJG <�> ��

5IF NFUIPE UP BQQSPYJNBUF GVODUJPOT VTJOH UIF 3FNF[ FYDIBOHF BMHPSJUIN JT DBMMFE NJOJNBY

BQQSPYJNBUJPO� /PUF UIBU UIF NBYJNVN FSSPS PG ઻ ࠨ ફ CFDPNFT TNBMMFS BT UIF EFHSFF PG NJOJNBY

�4PMWJOH B TZTUFN PG MJOFBS FRVBUJPOT JT QFSGPSNFE CZ 3JTB�"TJS JUTFMG BOE UIF GVODUJPOۣPT@NE�GNNY	
ۣ JO UIF PT@NVMEJG MJCSBSZ
JT VTFE GPS DPNQVUJOH FYUSFNVN QPJOUT XJUI UIF FYUSFNB�
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"MHPSJUIN � 3FNF[ FYDIBOHF BMHPSJUIN <�>
3FRVJSF� B DPOUJOVPVT GVODUJPO ઻
 B DMPTFE JOUFSWBM <શ
 ષ>
 B EFHSFF PG B QPMZOPNJBMિ
&OTVSF� B NJOJNBY QPMZOPNJBM ફ ࠞ દ<ૌ> XJUI EFHSFF િ
�� ઠNBY ࡨ 
࠴ ઠNJO ࡨ �
�� ત ࡨ <ૌ�
 ૌ�
 ۩ 
 ૌિ
 ૌિ��> � િ � � JOJUJBM JOUFSQPMBUF QPJOUT
�� XIJMF ઠNBY �� ઠNJO EP
�� <શ�
 શ�
 ۩ 
 શિ
 ઠ> � UIF TPMVUJPO PG ࠧિા�� શા	ૌઽ
ા � 
�ࠨ	ઽઠ � ઻ 	ૌઽ
 	ઽ � �
 �
 ۩ 
 િ
 િ � �

�� ફ ࡨ ࠧિા�� શાૌ ા
�� ત ࡨ <ૌ�
 ૌ�
 ۩ 
 ૌિ
 ૌિ��> � UIF િ � � FYUSFNVN QPJOUT PG ઠ	ૌ
 ࡨ ઻ 	ૌ
 ࠨ ફ	ૌ

�� ઠNBY ࡨ NBY\]ઠ	ૌ�
]
 ]ઠ	ૌ�
]
 ۩ 
 ]ઠ	ૌિ��
]^
 ઠNJO ࡨ NJO\]ઠ	ૌ�
]
 ]ઠ	ૌ�
]
 ۩ 
 ]ઠ	ૌિ��
]^
�� FOE XIJMF
�� SFUVSO ફ

QPMZOPNJBM િ CFDPNFT MBSHFS BOE UIF JOUFSWBM <શ
 ષ> NPSF SFTUSJDUFE� 5IF NFUIPE JO UIJT QBQFS DBO
CF VTFE JG GVODUJPOT BSF DPOUJOVPVT
 UIFJS SBOHF JT CPVOEFE BOE UIF WBSJBCMF UP TPMWF JT JO B CPVOEFE
JOUFSWBM� *G UIF WBSJBCMF UP TPMWF JT JO B CPVOEFE JOUFSWBM UIBU JT OPU DMPTFE
 XF DBO DPOTUSVDU UIF NJOJNBY
QPMZOPNJBM PWFS B DMPTFE POF DPOUBJOJOH JU�
/PUF UIBU UIF NJOJNBY QPMZOPNJBM ફ PG ઻ IBT UIF GPMMPXJOH QSPQFSUZ� UIF FSSPS GVODUJPO ઻ ࠨ ફ IBT

EFH ફ � � NBYJNVN WBMVF XJUI BMUFSOBUF DIBOHF PG TJOHFST JO <શ
 ષ>� 5IF WBMVF PG ]઻ 	ૌ
 ࠨ ફ	ૌ
] SBQJEMZ
CFDPNFT MBSHFS BT UIF WBMVF ૌ TFQBSBUFT GSPN <શ
 ષ>�
�� 5IF FTUJNBUJPO QSPCMFN

*O UIJT TFDUJPO
 XF JOUSPEVDF UIF NFUIPE UP TPMWF FTUJNBUJPO QSPCMFNT VTJOH NJOJNBY BQQSPYJNBUJPO
BOE DPNQVUFS BMHFCSB�
-FU ૉ � 	ૉ�
 ۩ 
 ૉૂ
 CF NFBTVSBCMF QBSBNFUFST BOE ૊ � 	૊�
 ۩ 
 ૊ૈ
 CF JNNFBTVSBCMF QBSBNFUFST
 BOE ૌ

CF UIF QBSBNFUFS UP CF FTUJNBUFE� "TTVNF UIBU B NBUIFNBUJDBM NPEFM EFTDSJCJOH QIFOPNFOB JT HJWFO BT઻ 	ૉ
 ૌ
 �๮ઽ
ા
િ ઼ઽ	ૉ

૊િ	ાݒ � �
 	�


XIFSF ઻ JT B DPOUJOVPVT GVODUJPO BOE ૌ JT CPVOEFE� 4JODF ૉ BSF NFBTVSBCMF
 POF DBO DPOTJEFS ઻ 	ૉ
 ૌ
 BT
B GVODUJPO POMZ JO ૌ
 ઼ઽ	ૉ
 BT B DPOTUBOU CZ TVCTUJUVUJOH ૉ BOE 
૊ા	ઽݒ BT B OFX JNNFBTVSBCMF QBSBNFUFS
CZ SFQMBDJOH JU XJUI B OFX WBSJBCMF QSPQFSMZ JG OFDFTTBSZ� 5IVT
 ઻ DBO CF BQQSPYJNBUFE CZ UIF NJOJNBY
QPMZOPNJBM BOE UIF FRVBUJPO JT USBOTGPSNFE JOUP UIF GPSN PGફ	ૌ
 �๮ઽ બઽ	૊
 � �
 	�


XIFSF ફ BOE બઽ SFQSFTFOUT UIF QPMZOPNJBMT JO ૌ BOE ૊
 SFTQFDUJWFMZ� "T FR� 	�
 JT B NVMUJWBSJBUF QPMZOPNJBM
FRVBUJPO
 B TZTUFN PG QPMZOPNJBM FRVBUJPOT DBO CF HFOFSBUFE CZ TVCTUJUVUJOH NFBTVSFE WBMVFT JOUP
NFBTVSBCMF QBSBNFUFST� 5IVT
 (S¶COFS CBTFT BOE UIF &MJNJOBUJPO 5IFPSFN <�> DBO CF VTFE UP TPMWF UIF
TZTUFN�
/PUF UIBU UIF NJOJNBY BQQSPYJNBUJPO JT UIF CFTU XBZ UP BQQSPYJNBUF B GVODUJPO CZ QPMZOPNJBMT JO

UFSNT PG FSSPST� )PXFWFS
 VOEFS TPNF DPOEJUJPOT
 UIF NJOJNBY BQQSPYJNBUJPO DBOOPU CF QFSGPSNFE� 5P
CF BCMF UP BQQMZ UIF BQQSPYJNBUJPO
 UIF NBUIFNBUJDBM NPEFM XJUI UIF FTUJNBUFE QBSBNFUFS NVTU CF
DPOUJOVPVT
 IBWF OP PUIFS JNNFBTVSBCMF QBSBNFUFST
 BOE UIF FTUJNBUFE QBSBNFUFS NVTU CF JO B CPVOEFE
JOUFSWBM� 5IF NPSF SFTUSJDUFE UIF JOUFSWBM JT
 UIF CFUUFS UIF BDDVSBDJFT PG UIF NJOJNBY BQQSPYJNBUJPOT BSF�
5IVT UIJT NFUIPE JT TVJUBCMF GPS FTUJNBUJPO QSPCMFNT JO UIBU UIF SBOHF PG UIF TPMVUJPO PG UIF FTUJNBUFE
QBSBNFUFST JT CPVOEFE�
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�� "O FYBNQMF CZ TQFFDI EJSFDUJPO FTUJNBUJPO QSPCMFN

4QFFDI EJSFDUJPO FTUJNBUJPO QSPCMFN <�> JT UIF QSPCMFN PG FTUJNBUJOH UIF PSJFOUBUJPO PG UIF TQFBLFS۟T
GBDF� 5IJT QSPCMFN EFSJWFT GSPN SPCPUJDT� /PXBEBZT SPCPUT IBWF CFFO QMBZJOH JNQPSUBOU SPMFT JO WBSJPVT
हFMET BOE TPNF SFTFBSDI PO SPCPUT DPPQFSBUJOH XJUI FBDI PUIFS JT VOEFSXBZ <��
 ��>� 'PS TVDI UBTLT

IPX UP TFMFDU POF SPCPU GSPN NPSF UIBO POF JT POF PG UIF UIFNFT XIFO IVNBOT TFMFDU BOE DPNNBOE
POF UP EP TPNF UBTLT� 5IVT
 XF BSF USZJOH UP TFMFDU POF SPCPU CZ DBMMJOH MJLF IVNBOT TBZJOH ۢFYDVTF
NFۣ PS ۢIFZ�ۣ 8F BTTVNF B TJUVBUJPO JO B SPPN MJLF XF BSF DBMMJOH POF SPCPU XBJUFS GSPN NBOZ JO B
SFTUBVSBOU� 5IVT OBNJOH FBDI SPCPU JT EJऻDVMU�
8F TVQQPTF UIBU XF LOPX UIF DPPSEJOBUFT PG B VTFS BOE SPCPUT
 GPS UIF NJDSPQIPOF BSSBZT XF BSF

BTTVNJOH IBWF B GVODUJPO UP DPNQVUF UIF MPDBUJPOT PG UIFNTFMWFT BOE UIF EJSFDUJPOT PG BSSJWBM 	%P"

BOE XF DBO DPNQVUF UIF VTFS۟T MPDBUJPO VTJOH %P"� 'PS EFUBJMT
 TFF <�>� 5P FTUJNBUF UIF EJSFDUJPO PG UIF
TQFBLFS۟T GBDF PSJFOUBUJPO
 XF VTF B NBUIFNBUJDBM NPEFM DBMMFE UIF WPJDF TQSFBE NPEFM� 5IF WPJDF TQSFBE
NPEFM JT B GPSNVMB UP DPNQVUF MPHJDBM TPVOE QSFTTVSF MFWFMT SFDPSEFE CZ B QBSUJDVMBS NJDSPQIPOF BSSBZ�
8F DPOTJEFS UIF TJUVBUJPO JO XIJDI UIFSF JT B TQFBLFS BOE NJDSPQIPOF BSSBZ NJD ઽ� 5P DPOTUSVDU B WPJDF
TQSFBE NPEFM
 XF OFFE UP DPOTJEFS UXP BUUFOVBUJPO FसFDUT
 EJTUBODF BUUFOVBUJPO BOE BOHMF BUUFOVBUJPO�
%JTUBODF BUUFOVBUJPO JT UIF FसFDU UIBU UIF MPOHFS UIF EJTUBODF CFUXFFO B TPVOE TPVSDF BOE B TPVOE

SFDFJWJOH QPJOU JT
 UIF TNBMMFS UIF TPVOE QSFTTVSF MFWFM PG UIF SFDFJWJOH QPJOU JT� 4VQQPTJOH B TPVOE
TPVSDF UP CF B QPJOU
 UIF TPVOE QSFTTVSF MFWFM JT JO JOWFSTF QSPQPSUJPO UP UIF TRVBSF PG UIF EJTUBODF�

"OHMF BUUFOVBUJPO JT UIF FसFDU UIBU UIF TPVOE QSFTTVSF MFWFM JT UIF TUSPOHFTU JO UIF GSPOU EJSFDUJPO PG
B NPVUI BOE JU HFUT XFBLFS XIFO TFQBSBUF GSPN UIF EJSFDUJPO� 5IFSF BSF WBSJPVT LJOET PG SFTFBSDI PO
BOHMF BUUFOVBUJPOT <��
 ��
 ��> BOE XF BEPQU .POTPO۟T <��>�

-FU ͍લ CF UIF XPSME DPPSEJOBUF TZTUFN
 ͍મ CF UIF MPDBM DPPSEJOBUF TZTUFN XIPTF DFOUFS JT UIF VTFS BOE
UIF ૌ�BYJT JT UIF GSPOU EJSFDUJPO PG UIF VTFS۟T GBDF� 'VSUIFSNPSF
 MFU ൑ CF UIF BOHMF GPSNFE CZ UIF ૌ�BYJT
PG ͍લ BOE ͍મ� /PUF UIBU ൑ JT UIF WFSZ FTUJNBUFE QBSBNFUFS� 5IFO
 UIF DPPSEJOBUF PG NJD ઽ JT FYQSFTTFE BT

મૄઽ � ༁ DPT ൑ TJO ൑ࠨ TJO ൑ DPT ൑ ༉ 	લૄઽ ࠨ લૄમ
�
5IF QBSBNFUFST લૄઽ BOE લૄમ TUBOE GPS UIF DPPSEJOBUF PG NJD ઽ BOE UIF VTFS JO ͍લ
 SFTQFDUJWFMZ� 5IFO

UIF UIFPSFUJDBM TPVOE QSFTTVSF MFWFM ધ̔ઽ SFDPSEFE CZ NJD ઽ JT EFTDSJCFE BTધ̔ઽ � ધ ࠨ �� MPH�� ۙમૄઽۙ� ࠨ શ ༁� ࠨ � � DPT	ൟઽ
� ༉ �
/PUF UIBU QBSBNFUFS ધ JT UIF TPVOE QSFTTVSF MFWFM PG UIF QPJOU UIBU JT � <N> BXBZ GSPN UIF TQFBLFS BOE JO
UIF EJSFDUJPO PG UIF TQFBLFS۟T NPVUI� " QBSBNFUFS શ JT UIF TJ[F PG BOHMF BUUFOVBUJPO BOE ൧ઽ SFQSFTFOUT UIF
B[JNVUI BOHMF UP NJD ઽ JO ͍મ� /PUF UIBU UIF QBSBNFUFST ધ BOE શ BSF JNNFBTVSBCMF BOE ൧ઽ JT NFBTVSBCMF�
-FU ͍લ CF UIF XPSME DPPSEJOBUF TZTUFN
 ͍મ CF UIF MPDBM DPPSEJOBUF TZTUFN XIPTF DFOUFS JT UIF VTFS

BOE ૌ�BYJT JT UIF GSPOU EJSFDUJPO PG UIF VTFS۟T GBDF� "MTP MFU ൑ CF UIF BOHMF GPSNFE CZ ૌ�BYJTFT PG ͍લ BOE͍મ� /PUF UIBU ൑ JT UIF WFSZ FTUJNBUFE QBSBNFUFS� 5IF DPPSEJOBUF PG NJD ઽ۟T NJDSPQIPOF BSSBZ JT FYQSFTTFE
BT મૄઽ � ༁ DPT ൑ TJO ൑ࠨ TJO ൑ DPT ൑ ༉ 	લૄઽ ࠨ લૄમ

5IF QBSBNFUFST લૄઽ BOE લૄમ TUBOET GPS UIF DPPSEJOBUF PG NJD ઽ BOE UIF VTFS JO ͍લ SFTQFDUJWFMZ� 5IFO

UIF UIFPSJUJDBM TPVOE QSFTTVSF MFWFM ધ̔ઽ SFDPSEFE CZ NJD ઽ JT EFTDSJCFE BTધ̔ઽ � ધ ࠨ �� MPH�� ۙમૄઽۙ� ࠨ શ ༁� ࠨ � � DPT	ൟઽ
� ༉
/PUF UIBU QBSBNFUFS ધ JT UIF TPVOE QSFTTVSF MFWFM PG UIF QPJOU UIBU JT � <N> BXBZ GSPN UIF TQFBLFS BOE
JO UIF EJSFDUJPO PG UIF TQFBLFS۟T NPVTF� " QBSBNFUFS શ JT UIF TJ[F PG BOHMF BUUFOVBUJPO BOE ൧ઽ SFQSFTFOUT
UIF B[JNVUI BOHMF UP NJD ઽ JO ͍મ� .BLF TVSF UIBU UIF QBSBNFUFST ધ BOE શ BSF JNNFBTVSBCMF BOE ൧ઽ JT
NFBTVSBCMF�
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4JODF લૄઽ
 લૄમ
 BOE ൟઽ BSF NFBTVSBCMF QBSBNFUFST
 POF DBO TVCTUJUVUF NFBTVSFE WBMVFT JOUP UIFTF�

5IVT
 UIF UFSN ༁� ࠨ � � DPT	ൟઽ
� ༉ DBO CF BMUFSOBUFE CZ B NFBTVSFE QBSBNFUFSુઽ BOE ધ̔ઽ DBO CF TVCTUJUVUFE
CZ B NFBTVSFE WBMVF� 5IVT
 UIF FRVBUJPO BCPWF DBO CF USBOTGPSNFE JOUP UIF GPSN PGધ̔ઽ ࠨ ધ � �� MPH�� ۙમૄઽۙ� � શુઽ � ��
4JODF UIF UFSN MPH�� ۙમૄઽۙ� DBO CF SFHBSEFE BT B GVODUJPO XJUI UIF WBSJBCMF ൑ POMZ BOE ൑ JT JO B CPVOEFE
JOUFSWBM 
൙ࠨ	 ൙>
 XF DBO BQQSPYJNBUF UIBU UFSN CZ UIF NJOJNBY QPMZOPNJBM ફઽ	൑
� "T B SFTVMU
 XF IBWFધ̔ઽ ࠨ ધ � ��ફઽ	൑
 � શુઽ � ��
5IF FRVBUJPO BCPWF JT B NVMUJWBSJBUF QPMZOPNJBM JO ધ
 ൑
 શ GPS BOZ OVNCFS ઽ� 5P हOE ൑ ൙ࠨ	 � ൑ ࡸ ൙

 XF
OFFE UP NFBTVSF QBSBNFUFST લૄઽ
 લૄમ
 ൟઽ
 ધ̔ઽ GPS HJWFO ઽ ࡹ �
 UIVT XF DPNQVUF UIF (S¶COFS CBTFT BOE
NBLF UIF TZTUFN PG FRVBUJPOT B USJBOHVMBS GPSN�

�� $PODMVEJOH SFNBSLT

*O UIJT QBQFS
 XF IBWF QSPQPTFE B NFUIPE GPS FTUJNBUJPO QSPCMFNT VTJOH UIF NJOJNBY BQQSPYJNBUJPO
BOE (S¶COFS CBTFT DPNQVUBUJPO� "T BO BQQMJDBUJPO
 XF IBWF TIPXO UIBU UIF NFUIPE DBO CF VTFE GPS UIF
TQFFDI EJSFDUJPO FTUJNBUJPO QSPCMFN�
5P DIFDL UIF BDDVSBDZ PG UIF QSPQPTFE NFUIPE
 FYQFSJNFOUT TIPVME CF DBSSJFE PVU JO TJNVMBUJPOT

BOE BDUVBM FOWJSPONFOUT� 'PS TJNVMBUJPOT PG TQFFDI EJSFDUJPO FTUJNBUJPO QSPCMFNT
 1ZUIPO MBOHVBHF
IBT B MJCSBSZ DBMMFE 1ZSPPNBDPVTUJDT <��>� *U JT B TP॑XBSF MJCSBSZ UP EFWFMPQ BOE UFTU BMHPSJUINT GPS
WPJDF QSPDFTTJOH
 BOE DBO TJNVMBUF BO FOWJSPONFOU JO B SPPN BOE POF DBO BEKVTU UIF QSPQFSUJFT PG UIF
FOWJSPONFOU TVDI BT UIF MPDBUJPO BOE UIF EJSFDUJWJUZ PG B TPVOE TPVSDF BOE B NJDSPQIPOF
 UFNQFSBUVSF

IVNJEJUZ
 EJNFOTJPO
 TJ[F BOE TIBQF PG B SPPN BOE TP PO�
'VSUIFSNPSF
 UIFSF FYJTU UIF NJOJNBY SBUJPOBM GVODUJPOT BOE BMHPSJUINT GPS DPNQVUJOH POFT� 5IF

NJOJNBY SBUJPOBM GVODUJPO PG ઻ JT B SBUJPOBM GVODUJPO ભુ
િ XIJDI NJOJNJ[FT

NBYશࡸૌࡸષ ]઻ 	ૌ
 ࠨ ભુ
િ	ૌ
] � NBYશࡸૌࡸષ ྇઻ 	ૌ
 ࠨ ࠧાુ�� શાૌ ાࠧિા�� ષાૌ ા ྇ 

GPS HJWFO ુ
 િ ࠞ ��ࡹݢ $PNQBSFE XJUI UIF NJOJNBY QPMZOPNJBMT
 UIF NJOJNBY SBUJPOBM GVODUJPOT UFOE
UP IBWF MFTT FSSPST� )PXFWFS
 XF GBJMFE UP DPNQVUF POF QSPQFSMZ EVF UP FSSPST JO UIF DBMDVMBUJPO PG
JNQSPQFS JOUFHSBMT� 8F OFFE UP DPNQVUF $IFCZTIFW FYQBOTJPO <�> PG ઻ UP DPOTUSVDU B NJOJNBY SBUJPOBM
GVODUJPO BOE UP DPNQVUF JNQSPQFS JOUFHSBMT� *O PVS FYQFSJNFOU
 XF GBJMFE UP DPNQVUF JNQSPQFS JOUFHSBMT
QSPQFSMZ EVF UP EJWFSHFODF PG JOUFHSBOET� 5IVT
 UIF NFUIPE UP DPNQVUF JNQSPQFS JOUFHSBMT XJUI GFXFS
FSSPST TIPVME CF JOWFTUJHBUFE�
5P TPMWF FTUJNBUJPO QSPCMFNT JOEFQFOEFOU PG UIF WBMVFT PG NFBTVSFE QBSBNFUFST
 XF OFFE UP BQ�

QSPYJNBUF NVMUJWBSJBUF GVODUJPOT XJUI NVMUJWBSJBUF QPMZOPNJBMT PS SBUJPOBM GVODUJPOT� $PEZ <��> TBZT
BMNPTU OP BMHPSJUIN GPS BQQSPYJNBUJOH UIPTF XJUI NJOJNBY QPMZOPNJBMT 	PS SBUJPOBM GVODUJPOT
 FYJTUT�
)PXFWFS
 -VLF <��> IBT NBEF BQQSPYJNBUJPOT PG B WBSJFUZ PG GVODUJPOT JO NBUIFNBUJDBM QIZTJDT VTJOH
IZQFSHFPNFUSJD GVODUJPOT� -PFC <��> SFQPSUT B MJOFBS BMHPSJUIN UP DSFBUF SBUJPOBM BQQSPYJNBUJPOT PWFS
B EJTDSFUF QPJOU TFU� 'PY
 (PMETUFJO BOE -BTUNBO <��> BMTP IBWF QSPQPTFE BO BMHPSJUIN GPS SBUJPOBM
BQQSPYJNBUJPO PO हOJUF QPJOU TFUT�
5IF QSPCMFN XJUI XIJDI UIJT NFUIPE DBO CF VTFE JT WFSZ MJNJUFE TJODF NBUIFNBUJDBM NPEFMT UIBU

TBUJTGZ FRVBUJPO 	�
 BOE FTUJNBUFE QBSBNFUFST UP CF CPVOEFE BSF WFSZ SFTUSJDUJWF� )PXFWFS
 EJSFDUJPO
FTUJNBUJPO QSPCMFNT BSF HPPE CFDBVTF QBSBNFUFST PG EJSFDUJPO BSF VTVBMMZ CPVOEFE PO 
൙ࠨ	 ൙> PS <�
 �൙
�
5P TFF UIF FऻDBDZ PS FसFDUJWFOFTT PG UIJT NFUIPE
 XF TIPVME TFFL FTUJNBUJPO QSPCMFNT UIBU DBO CF
TPMWFE CZ UIJT NFUIPE�
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3FGFSFODFT

<�> )� .� 4UPOF
 5IF HFOFSBMJ[FE XFJFSTUSBTT BQQSPYJNBUJPO UIFPSFN
 .BUIFNBUJDT .BHB[JOF ��
	����
 ���ۙ���� EPJ�����������������

<�> )� .� "OUJB
 /VNFSJDBM NFUIPET GPS TDJFOUJTUT BOE FOHJOFFST
 TFDPOE FE�
 #BTFM� #PTUPO� #JSLI¤VTFS

����� EPJ���������������������������

<�> &� 1PMBL
 0QUJNJ[BUJPO� "MHPSJUINT BOE $POTJTUFOU "QQSPYJNBUJPOT
 4QSJOHFS
 ����� EPJ���������
������������������

<�> .� .JUDIFMM
 "O *OUSPEVDUJPO UP (FOFUJD "MHPSJUINT
 5IF .*5 1SFTT
 ����� EPJ���������NJUQSFTT�
��������������

<�> %� $PY
 +� -JUUMF
 %� 0۟TIFB
 .� 4XFFEMFS
 *EFBMT
 WBSJFUJFT
 BOE BMHPSJUINT� "O *OUPSEVDUJPO UP
$PNQVUBUJPOBM "MHFCSBJD (FPNFUSZ BOE $PNNVUBUJWF "MHFCSB
 GPVSUI FE�
 4QSJOHFS
 ����� EPJ����
�����������������������

<�> 5� ,BUP
 *OEJWJEVBM 4FMFDUJPO .FUIPE GPS .VMUJ�3PCPU CBTFE PO 4QFFDI %JSFDUJPO &TUJNBUJPO 	JO
+BQBOFTF

 .BTUFS۟T UIFTJT
 *OTUJUVUF PG -JCSBSZ
 *OGPSNBUJPO BOE .FEJB 4DJFODF
 6OJWFSTJUZ PG
5TVLVCB
 ����� �� QBHFT�

<�> /� %BJMJ
 "� (VFTNJB
 3FNF[ BMHPSJUIN BQQMJFE UP UIF CFTU VOJGPSN QPMZOPNJBM BQQSPYJNBUJPOT

(FOFSBM .BUIFNBUJDT /PUFT �� 	����
 ��ۙ���

<�> .� /PSP
 5� 5BLFTIJNB
 3JTB�"TJS ۚ " $PNQVUFS "MHFCSB 4ZTUFN
 JO� *44"$ ۟��� 1BQFST GSPN UIF
*OUFSOBUJPOBM 4ZNQPTJVN PO 4ZNCPMJD BOE "MHFCSBJD $PNQVUBUJPO
 "TTPDJBUJPO GPS $PNQVUJOH
.BDIJOFSZ
 /FX :PSL
 /:
 64"
 ����
 QQ� ���ۙ���� EPJ�����������������������

<�> 5� 0TIJNB
 PT@NVMEJG� B MJCSBSZ GPS DPNQVUFS BMHFCSB 3JTB�"TJS
 ����ۙ����� 63-� IUUQT���XXX�NT�
V�UPLZP�BD�KQ�_PTIJNB�NVMEJG�PT@NVMEJGFH�QEG
 BDDFTTFE �����������

<��> 1� 3� 8VSNBO
 3� %۟"OESFB
 .� .PVOU[
 $PPSEJOBUJOH IVOESFET PG DPPQFSBUJWF
 BVUPOPNPVT
WFIJDMFT JO XBSFIPVTFT
 "* .BHB[JOF �� 	����
 �ۙ��� EPJ���������BJNBH�W��J�������

<��> +� "MPOTP�.PSB
 "� #SFJUFONPTFS
 .� 3VऺJ
 3� 4JFHXBSU
 1� #FBSETMFZ
 *NBHF BOE BOJNBUJPO EJTQMBZ
XJUI NVMUJQMF NPCJMF SPCPUT
 5IF *OUFSOBUJPOBM +PVSOBM PG 3PCPUJDT 3FTFBSDI ��� 	����
 ���ۙ����
EPJ��������������������������

<��> 8� 5� $IV
 "� 8BSOPDL
 %FUBJMFE EJSFDUJWJUZ PG TPVOE हFMET BSPVOE IVNBO UBMLFST
 5FDIOJDBM
3FQPSU 33����
 /BUJPOBM 3FTFBSDI $PVODJM PG $BOBEB
 ����� EPJ������������������

<��> (� "� 4UVEFCBLFS
 %JSFDUJWJUZ PG UIF IVNBO WPDBM TPVSDF JO UIF IPSJ[POUBM QMBOF
 &BS BOE IFBSJOH �
	����
 ���ۙ���� EPJ����������������������������������

<��> %� $FCSFSB
 1� +� %BWJT
 "� $POOPMMZ
 -POH�UFSN IPSJ[POUBM WPDBM EJSFDUJWJUZ PG PQFSB TJOHFST�
&सFDUT PG TJOHJOH QSPKFDUJPO BOE BDPVTUJD FOWJSPONFOU
 +PVSOBM PG 7PJDF �� 	����
 F���ۙF����
EPJ���������K�KWPJDF�������������

<��> #� #� .POTPO
 &� +� )VOUFS
 #� )� 4UPSZ
 )PSJ[POUBM EJSFDUJWJUZ PG MPX�BOE IJHI�GSFRVFODZ FOFSHZ
JO TQFFDI BOE TJOHJOH
 5IF +PVSOBM PG UIF "DPVTUJDBM 4PDJFUZ PG "NFSJDB ��� 	����
 ���ۙ����
EPJ�������������������

<��> 3� 4DIFJCMFS
 &� #F[[BN
 *� %PLNBOJÇ
 1ZSPPNBDPVTUJDT� " QZUIPO QBDLBHF GPS BVEJP SPPN
TJNVMBUJPO BOE BSSBZ QSPDFTTJOH BMHPSJUINT
 JO� ���� *&&& *OUFSOBUJPOBM $POGFSFODF PO "DPVTUJDT

4QFFDI BOE 4JHOBM 1SPDFTTJOH 	*$"441

 *&&&
 ����
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<��> 8� +� $PEZ
 " TVSWFZ PG QSBDUJDBM SBUJPOBM BOE QPMZOPNJBM BQQSPYJNBUJPO PG GVODUJPOT
 4*".
3FWJFX �� 	����
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<��> :� -� -VLF
 5IF TQFDJBM GVODUJPOT BOE UIFJS BQQSPYJNBUJPOT
 WPMVNF �
 "DBEFNJD 1SFTT
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<��> )� -� -PFC
 "MHPSJUINT GPS DIFCZTIFW BQQSPYJNBUJPO VTJOH UIF SBUJP PG MJOFBS GPSNT
 +PVSOBM PG

UIF 4PDJFUZ GPS *OEVTUSJBM BOE "QQMJFE .BUIFNBUJDT � 	����
 ���ۙ���� EPJ�����������������
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'JSTU�0SEFS 5IFPSFN 1SPWJOH XJUI 1PXFS .BQT JO
4FNJHSPVQT࣏
:J -JO�
ۣ
 3BOHBOBUIBO 1BENBOBCIBO�
ۣ BOE :BOH ;IBOH�
࠭
ۣ
�%FQBSUNFOU PG .BUIFNBUJDT
 5IF 0IJP 4UBUF 6OJWFSTJUZ
 0IJP
 64"
�%FQBSUNFOU PG .BUIFNBUJDT
 6OJWFSTJUZ PG .BOJUPCB
 8JOOJQFH
 .#
 $BOBEB
�%FQBSUNFOU PG .BUIFNBUJDT
 6OJWFSTJUZ PG .BOJUPCB
 8JOOJQFH
 .#
 $BOBEB

"CTUSBDU
5IJT QBQFS EFBMT XJUI BVUPNBUFE EFEVDUJPO UFDIOJRVFT UP QSPWF BOE HFOFSBMJ[F TPNF XFMM�LOPXO UIFPSFNT JO
HSPVQ UIFPSZ UIBU JOWPMWF QPXFS NBQT
 J�F�
 GVODUJPOT PG UIF GPSN ઻ 	ૌ
 � ૌૂ� )FSF
 UIF NBJO PCTUBDMF JT UIBU JGૂ JT JOUFSQSFUFE BT BO JOUFHFS WBSJBCMF
 UIFO UIFTF SFTVMUT BSF OPU FYQSFTTJCMF JO हSTU�PSEFS MPHJD XJUI FRVBMJUZ�
5IF TUSBUFHZ GPMMPXFE IFSF JT UP MPPL BU UIF DMBTTJDBM QSPPGT
 JOWPMWJOH UIF JOUFHFS WBSJBCMF ૂ
 BOE TFF XIBU
TQFDJहD हSTU�PSEFS QSPQFSUJFT PG QPXFS NBQT UIBU BSF OFFEFE JO UIF QSPPGT� 5IFO XF JNQMFNFOU UIFTF हSTU�PSEFS
QSPQFSUJFT PG QPXFS NBQT JO B UIFPSFN QSPWFS 1SPWFS� BOE EFNPOTUSBUF UIBU B XFMM�EFTJHOFE SFGPSNVMBUJPO NBLFT
TQFDJहD NBUIFNBUJDBM UIFPSJFT BDDFTTJCMF UP UIF NPEFSO हSTU�PSEFS UIFPSFN�QSPWJOH TP॑XBSF
 BMMPXJOH FWFO GPS
HFOFSBMJ[BUJPOT PG UIF DMBTTJDBM SFTVMUT�

,FZXPSET
4FNJHSPVQ
 1SPWFS�
 1PXFS NBQT

�� *OUSPEVDUJPO

5IF UIFPSZ PG HSPVQT BOE UIBU PG TFNJHSPVQT BSF WFSZ DMPTFMZ SFMBUFE� *O GBDU
 FWFSZ HSPVQ JT B DBODFMMBUJPO
TFNJHSPVQ BOE
 CZ B DMBTTJDBM UIFPSFN PG 0� 0SF <��>
 FWFSZ DBODFMMBUJPO TFNJHSPVQ TBUJTGZJOH TPNF
OPOUSJWJBM JEFOUJUZ
 TBZ ઻ 	ૌ
 ્
 � ઼	ૌ
 ્

 JT FNCFEEBCMF JO B HSPVQ� "MTP
 UIFSF BSF TFWFSBM FYBNQMFT PG
JEFOUJUJFT ઻ � ઼ XIJDI BSF QSFTFSWFE EVSJOH UIJT QSPDFTT PG FYQBOTJPO� 5IF NPTU XFMM�LOPXO FYBNQMF
PG B TFNJHSPVQ MBX UIBU JT USBOTGFSBCMF UP HSPVQT JT
 PG DPVSTF
 UIF DPNNVUBUJWF MBX� "�*� .BM۟DFW <�>
BOE #�)� /FVNBOO <��> IBWF TIPXO JOEFQFOEFOUMZ UIBU OJMQPUFOU TFNJHSPVQ MBXT BSF USBOTGFSBCMF�
)PXFWFS
 JU JT BMTP LOPXO UIBU OPU BMM TFNJHSPVQ MBXT BSF QSFTFSWFE VOEFS UIF 0SF FYUFOTJPO� 5IJT
SBJTFT UIF JNQPSUBOU RVFTUJPO PG हOEJOH NPSF 	BOE QPTTJCMZ BMM
 USBOTGFSBCMF TFNJHSPVQ MBXT� 5IJT
QSPCMFN XBT SBJTFE CZ (�.� #FSHNBO 	<�
 �>
�
5IFSF BSF TFWFSBM USBOTGFSBCJMJUZ UIFPSFNT JO TFNJHSPVQT UIBU JOWPMWF QPXFS NBQT ઻ 	ૌ
 � ૌૂ� 'PS

FYBNQMF
 JU JT LOPXO UIBU FWFSZ DBODFMMBUJPO TFNJHSPVQ TBUJTGZJOH ૌૂ ࣎ ્ૂ � ્ૂ ࣎ ૌૂ DBO CF FNCFEEFE
JO B HSPVQ TBUJTGZJOH UIF TBNF JEFOUJUZ� 4VDI TUBUFNFOUT CFMPOH UP हSTU�PSEFS MPHJD XJUI FRVBMJUZ BOE
IFODF QSPWBCMF
 JO QSJODJQMF
 CZ BOZ हSTU�PSEFS UIFPSFN QSPWFS� )PXFWFS
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 UIF HSPVQ PG SJHIU RVPUJFOUT PG મ� 5IF NPTU XFMM�
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So�ware for indefinite integration
Corrundum.red – Integration for all

A. C. Norman1, D. J. Je�rey2

1Trinity College, Cambridge, U.K.
2Dept. Mathematics, The University of Western Ontario, London, Ontario, Canada

Abstract
The R��� system for the evaluation of inde�nite integrals was developed by Albert Rich over a period of more
than 15 years. His unexpected death has led to a number of discussions on what can be done to develop the
system further. One possible direction addresses the fact that Albert Rich’s development was built entirely on
the Mathematica system. A number of people have considered the porting of R��� to a variety of alternative
computer algebra systems. The requirements for porting are discussed.
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1. Introduction

For over 80 years, a key resource regarding inde�nite integration has been Gradshteyn and Ryzhik[1].
It has also been maintained and updated over the years, the 8th edition [2] being released in 2015. The
modern alternative is one of the computer algebra systems. These have made major progress since the
1960s, when Slagle’s SAINT[3] and Moses’s SIN [4] were released. The web site 12000.org[5] reports
testing 9 currently available systems1 (commercial and public domain) against a test suite of 106812
integrals. As with any test suite, it can be criticized for showing biases, but it covers all the basic
integrals and is of a scale that makes it hard to ignore. To a good approximation it is a concatenation of
all the other signi�cant sets of test cases that its authors could �nd.
The commercial systems have the highest success rates, with the open source systems signi�cantly

lower, save that the permissively licensed R��� shows outstanding capability. We have therefore been
studying R��� to investigate the feasibility of its use with systems other than Mathematica, which is
currently the foundation on which it is built.
We view this as being potentially valuable for four main reasons:

1. Many systems are still unable to �nd integrals for a signi�cant fraction of the examples in the
above torture test. This is likely to apply to almost every case that requires advanced special
functions to express the result. Perhaps for many users this will not be a serious limitation, because
their problem will not involve say the Fresnel S function. But measured against Gradshtein and
Ryzhik it is a limitation.

2. Where results are generated they may often be bulkier than would be ideal. This can go as far as
returning a result expressed using elliptic integrals or incorporating imaginary numbers when
something more elementary would serve better.

3. Something that may count as a special case of the above is the treatment of multi-valued functions
and delivering an integral in a form that handles them and their principal values consistently.
This can be of extreme important in integration when users substitute in endpoints to �nd a
de�nite integral.
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4. With reasonable generality, the existing schemes return integrals with no commentary available
as to how they were derived, and the techniques used are embedded in large bodies of code
which will be unavailable when one of the commercial systems is used, but opaque even if an
open source system is selected. With R��� a commentary on how results were obtained is almost
automatically available.

2. What is R���?

The RUle-Based-Integration system R��� is a public domain project addressing inde�nite integration
[6]. It consists of two parts. The �rst part is a database consisting of transformation rules which
convert an integral expression into a simpler form, allowing an iterative application of the rules to
evaluate the initially given integral. The second part is a collection of utility functions, at present coded
in the Mathematica language, which massages mathematical expressions into forms suitable for the
application of one of the transformation rules contained in the database.

Readers not familiar with R��� may appreciate a little background concerning the project. R��� was
started by Albert Rich (1949–2023) circa 2007, after the development of the Derive computer algebra
system was discontinued [7]. It is based on a term-rewriting rule-based paradigm, which was expected
to bring the following bene�ts.

• Speed and compactness.
• An ability to display the steps taken during an evaluation.
• Results which are correct in the complex plane.
• Results which are in the most compact and æsthetically pleasing form possible.
• A system which is readily modi�ed and extended.

Although Albert Rich corresponded with many others, and received their suggestions for integration
rules, he largely worked alone, and as a consequence, only lightly documented his program code.

2.1. The current state of R���

There are presently two versions of R��� available. The �rst is 4.16.1; this is the last version whose
release was overseen by Albert Rich [6]. The other is 4.17.3, which has been retrieved from material left
by Albert Rich and implemented by supporters of R��� [8]. The versions are very similar and can be
summarized as follows.

• There is a database containing over 7000 rules, recorded in Mathematica syntax. It is in the public
domain. They rules can be read in mathematical notation in PDFs from the R��� website [6].

• R��� includes several test suites of integration problems. These form part of the test suite used
by 12000.org.

• The order in which the rules are placed can have an e�ect on the performance.
• The system consists of more than the database of rules. There are large support �les, also written
in Mathematica syntax, de�ning many auxiliary functions. These functions serve a variety of
roles.

– Testing the properties of a parameter. For most integration problems, the parameters in the
rules are given numerical values. Thus, it is assumed that a parameter can be tested to see
whether it is positive, or an integer, and so on.

– Applying an algebraic transformation, such as extracting the content of a polynomial,
making a partial fraction expansion, etc.

Unfortunately, there are very few comment lines in the �les containing the auxiliary functions.
This makes working with them di�cult.

75



2.2. The way forward

It is unlikely that a person or persons will come forward and take over the development of R���. The
attitude of the de facto custodians of Albert Rich’s legacy is that R��� is frozen in its current state. A
person wishing to continue R��� is allowed to use the database as they see �t, but any development
will be a new project. The analogy being made is that anyone can read a scienti�c paper and then write
their own paper with whatever new thoughts the author has. The author references and acknowledges
the earlier work, but is au fond working on a separate project.
There are several ways in which R��� can be developed further.

• More integration rules can be developed.
• There are a number of integrals in the test �les which cause R��� to disappear into a loop. A
modi�cation of the data base could reduce the occurrence of loops.

• R��� could be transported to other languages, such as Maple, muPad, etc.

For those of us who do not have Mathematica installed on our computer (perhaps because of cost),
or who really value being able to inspect the workings of software whose results we rely on, or who are
developers of other algebra systems (present and future), R��� looks a very attractive starting point. As
already mentioned, at present R��� 4.x.x exists in the form of a large set of Mathematica rewrite rules
and a signi�cant but not-too-large collection of utility code to back them up. Albert Rich, however, had
been planning a transition to R��� 5 that would transform the rule-set into a decision tree that would
not rely to the same extent on pattern matching in the system it was installed on. That was expected to
make it much easier to migrate R��� for use with other systems. Unfortunately this part of the project
remains incomplete.

The work explained here is called “Corrundum.red” and is a step towards making full R��� available
outside Mathematica. While it is being developed using the R����� system[9][10], the intent is to
keep reliance on the algebraic facilities in R����� fairly low and reasonable well explained, so that
adaptation elsewhere might be more readily possible. In particular the rule-rewrite engine does not rely
on any such engine already built into R�����; thus exactly what it does can be made explicitly visible.

The name "corrundum.red" is of course something of a pun, in that corrundum is crystalline aluminium
oxide with hardness 9 on the Mohs scale, and when tainted with chromium so that it shows up as a
vivid red colour you obtain the gemstone ruby. Of course “.red” is the �le su�x used by the R�����
algebra system. So this name references R��� (which is a sometimes-used alternate spelling for ruby); it
links to R����� and is intended to suggest both toughness and high value.

There have been multiple exercises to leverage the R��� rule set in the past, so we are not the �rst to
look into this. In fact, a previously abandoned investigation, using R�����, was conducted by one of us
(ACN).

We of course note the existence of “symja" or S MJ⇤ which aims mainly at support for Android
and is all coded in Java. That has at its core an implementation of a language rather closely modelled
on the one used by Mathematica, and as a result they have been able to import R��� wholesale leading
to very impressive capabilities. For our purposes this provides excellent con�rmation that emulating
enough of Mathematica to make R��� work is feasible, and it provides a non closed-source version. But
the Mathematica-style support there pervades so much of Symja that it does not help to guide those
who want only enough of it for use in some alternative system that does not start o� in Java and does
not start o� with Mathematica-like syntax and semantics baked in.
Especially with Albert Rich’s work migrating R��� from a rule-based system to one making

transitions based on a decision tree, signi�cant parts of R��� were made to work on Maple, how-
ever again that project seems never to have reached a stage of full support for all the rules.
https://de.maplesoft.com/company/casestudies/stories/maple-for-accuracy-and-support.aspx?L=G

Similarly Julia has the adoption of R��� on its 2021 roadmap: https://juliasymbolics.org/roadmap/ but
the github repository that we found https://github.com/ufechner7/Rubi.jl has been inactive for some
years.
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With all this background our work has many precedents. We hope that this paper will explain, in
more detail than we were able to �nd elsewhere, some of the particular challenges in this activity, while
we attempt to extricate R��� from Mathematica syntax, semantics and support, and thus be of interest
to others who want to revive previous attempts or start new ones.
Corrundum.red has a number of components and these will be explained in the following sections.

3. Capturing the R��� rules

A parser for the subset of Mathematica syntax used in the transformation rules was coded for R�����.
Happily a rather naive recursive descent parser proved su�cient. Anyone at all familiar with this style
of parser would observe that it is basically merely one procedure to correspond to each entry in the
BNF rendition of the syntax involved. This naive parser was �rst created a decade ago and used to start
an investigation of a version of R��� from back then: that project stalled and the revived parser now
had to have some extensions to cope with the Mathematica syntax that has meanwhile crept into R���
and its utilities. Over that decade R����� has been provided with a parser generator using the standard
LALR scheme which could have made this scheme for reading Mathematica style text easier and much
more compact, but re-using the existing almost-working if cruder scheme seemed the simpler path.
And of course since this is just parsing expressions and not a full language the naive approach is not
seriously o�ensive. We believe it would also have been possible to make Mathematica export �les in a
very similar format.

The result of a parse is the full set of rules expressed as Lisp-style data structures with a collection of
operators that denote the various things that Mathematica provides. So for instance the very �rst R���
rewrite starts as

(* ::Code:: *)
Int[u_.*(a_+b_.*x_^n_.)^p_.,x_Symbol] :=

Int[u*(b*x^n)^p,x] /;
FreeQ[{a,b,n,p},x] && EqQ[a,0]

and becomes

(/;
(:=
(Int

(times
(_. u)
(expt (plus (_ a) (times (_. b) (expt (_ x) (_. n)))) (_. p)))

(_ x Symbol))
(Int (times u (expt (times b (expt x n)) p)) x))

(and (FreeQ (bracelist a b n p) x) (EqQ a 0)))

Actually in the �le as generated all punctuation characters in the parenthesised form are preceded by
escape characters so that for instance “/;” and “_.” are seen as merely simple symbol names.
This adjusted format explicitly represents a parse tree and it is likely that internally Mathematica

turns the raw input into something equivalent – but what we have here is totally unambiguous and
entirely suitable for processing with any scheme that is happy to work with tree-like data structures. At
the data structure level R����� works with Lisp-style data and so it is especially comfortable with this,
but it would be close to trivial to write code to read this tree notation in almost any language. Given
that a simple tree-walk could re-display the material in the syntax most suitable for some other system,
be it re-creating Mathematica syntax or converting for Maple, Maxima, Axiom or whatever.

It can be seen that a rule generally has three components. A template or pattern which here is basicallyR
(u ⇤ (a+ bxn)p, x) and where the various annotations are to mark various things as parameters or

wildcards. Then there is the transformed version, which in this case purely serves to remove the a that
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is originally present. Finally there is a set of conditions. These indicate that the various parameters
must all be independent of x and that this transformation that gets rid of a is only applicable when
a = 0, in this case reminding us that the actual expression may contain a sub-expression equivalent to
0 but starting o� looking more complicated. Of course we all know that identifying when a general
expression is zero is undecidable!
There are almost 7500 of these rules! Using them involves facing up to (at least) two signi�cant

challenges. One is that of gaining a su�ciently full understanding of Mathematica pattern matching
so that its behaviour against this rule-set can be re-created. The other is that throughout the R���
rules there are function calls in both conditions and replacements that invoke a range of Mathematica
primitives. Some (such as FreeQ here) have behavior that is simple to understand, but the precise
expectations and limitations of even something as obvious looking as EqQ[a,0] have to cause some
pause for thought.

4. Pattern matching and the Utilities

When one �rst admires R���, what most catches the eye is the set of simple-looking tree rewrite rules.
These basically look at the structural form of integrands and on that basis perform transformations.
Furthermore it is on record that Albert Rich’s plans (for a R��� 5) involved transforming the identi�cation
of which rules to apply into a decision tree – in e�ect a giant nest of "if" statements.
Thus when we started work, in a spirit of optimism we expected that, with the rule-set expressed

as data structured such that R����� could manipulate it easily, our main task would be to get simple
tree-rewrites involving 7000+ rules to run reasonably e�ciently.
After some while it became clear that things were not quite that straightforward.

1. When one writes Int[expression, x] in Mathematica, the expression delivered by Mathe-
matica to pattern matching de�nitions of Int is neither the unaltered input nor a fully simpli�ed
version of it. It is somewhere in between. If R��� is ported to any other world, this pre-processing
is not likely to be replicated precisely, and so behaviour will di�er. As a tiny example consider
the Mathematica de�nition f[a_*b_] := {"product", a, b} which decomposes a product.
The input f[x+x] reveals that what Mathematica sees for matching is the product of 2 and x,
while f[x*x] is not seen as a product at all but as a power. f[(1+x)*(x+1)] is again seen as a
power, while the more elaborate f[x*((x+1)^2-1-x^2)] is not seen as having an argument
that is equivalent to x2 and so is reported as being product. All of this is perfectly proper to the
extent that it is Mathematica doing what it chooses to do, but it does make it harder to think
about testing Rubi, since the exact form of expressions it sees have been subject to this not very
clearly documented adjustment.

2. Mathematica pattern matching is powerful and it is aware that addition and multiplication are
both commutative. Thus a pattern of the form Int[a*x^2 + b*x + c, x] (here the underscores
are omitted to make the presentation neater) will match a quadratic regardless of the order in
which the terms are presented. So in some sense a rule with that pattern as its left-hand side
represents 6 cases corresponding to di�erent term orderings. At one stage we considered pre-
conditioning the rule set so that all of those cases were explicitly shown and hence the actual
matching would not need to worry about this issue and hence might be simpler and faster: it
became apparent that doing so caused the size of the rule set to explode beyond reason.

3. A further cleverness of the Mathematica matcher is that in certain cases some parameters can
have default values. This is indicated by using "_." where they are mentioned in a pattern. With
this scheme the pattern a_. + b_.*x_^n_. will match not just p+q*z^k but also variants on
that with p=0 and/or q and k=1, all the way down to just z. If one combines the consequence of
this with commutativity this one pattern can match a dozen di�erent input forms including say
z*q+p. One rewrite rule can contain multiple instances of these two shorthands and we found
that if everything was expanded out to show the full range of cases to be accepted that we could

78



end up with well over a thousand cases following from what was presented as a single rule. This
astonished us!

4. The matching that is made has to be subject to some conditions - which are given at the end of
the rule following the symbol /;. A �rst thought is to perform structural matching �rst and after
that check if the constraints apply. However consider a case where the pattern is (without the
underscores here) a + b*x^n + c*x^m and the constraints include m=2*n. Now commutativity
shows that the two sub-patterns b*x^n and c*x^m could match input in either order, but only
one is will suit the constraint. The most naive approach would be to insist that the syntactic
matcher returned not just a single match but all possible ones that arise based on commutativity
and default values and that the constraints are then used to determine which (if any) are viable. In
some cases this would return very many matches. It feels more reasonable to make the structural
matcher able to deliver its �rst match and then backtrack to look for another if that becomes
necessary. Of course in the worst case just as many variants could have to be tried.

There are ways to address all of these issues. The pre-conditioning‘of input for instance to sort
constant terms in sums and products either to the start or the end helps substantially with commutativity.
Where we have arrived at is that we index constraints by the parameters they depend on. Then when
our pattern matcher is about to ascribe a value to a parameter it checks if that completes the information
about everything that the relevant constraints will use. It can thus test the conditions during matching
and as soon as possible, and this of course saves us from investigating parts of an expression once
we have discovered that that will be futile. With this we then accept the �rst viable ordering for any
commuting argument list.
We are aware that our early-check scheme could be unsatisfactory for a fully general set of rules.

Consider a complete pattern that contains both (x^n+x^m) and (x^p+x^q) and then pathologically
a constraint on n, m, p and q that is not symmetric in them. The orderings for matching the two
commuting sums would need to coordinate. We believe there are no such situations in the R��� rule-set,
so our matcher is not fully general but should cope with requirements here. This illustrates that an
implementation of Mathematica-like matching that just has to cope with a �xed set of rules such as
those in R��� may be able to be simpler and hence potentially faster than one that needs to come with
the most general case.

The matcher we have coded is essentially a modest size body of Lisp code and of itself it is independent
of R�����. It is intended to be reasonably clear and as concise as we can manage, so for instance to
cope with a commutative operator it forms a list of all permutations and then scans the list reporting the
�rst occasion it �nds a match. It would clearly be possible to fold the enumeration of permutations with
checking them but for a �rst version and for “work in progress” we preferred simplicity over potential
performance gains. In a similar way and although we have thought of many ways that will allow us
to do better, we have started with checking input expressions against each of the 7000+ patterns in
turn and we have avoided exploring the interesting rabbit-hole of indexing, expression signatures and
hashing, “trie” structures and expansion of the matching process into executable code. Those are all for
further investigation at a later stage.

5. Predicate and Replacement material

On starting this project we expected that pattern matching would be the core of the work. Well, the
conditions applied to rules contain many predicates that are obvious and easy to support. For instance
for a very large proportion of parameters there is a check that the parameter does not depend on the
independent variable. For exponents there can be checks such as that n is not �1. The test m = 2 ⇤ n
is slightly less obvious but once encountered is easy to handle. So at �rst we felt we were making good
progress as we provided more and more of those. Within the formulae that appear as results there
are cases where n is numeric and n+ 1 is used, and it makes obvious sense to perform the arithmetic.
Again that was easy. Perhaps especially so as it plays to Lisp’s strengths and is all code that could
reasonably have appeared in 1960s attempts at integration! Following this path and by providing a tiny
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set of our own integration rules we were able to perform some �rst integrations really rather early in
our work. At that time we felt greatly encouraged.
Beyond the trivial there are then a collection of Mathematica operations that do “genuine” algebra,

but where the intent is clear and where any other host algebra system will have something equivalent.
An example arises when a result will be of the form Log[expression] because if the expression has
a constant factor (i.e. a non-trivial content with respect to the variable of integration) then that can be
taken out and its only contribution to the result would be to merge it in with the constant of integration.
So when R��� uses a function RemoveContent[] that is liable to involve chaining to the underpinning
algebra system and the exact details of how that is done can not be portable but the expected returned
value is unambiguous.

Some Mathematica primitives as called here can of course represent special portability challenges and
in the end the balance as to how much of R���’s success �ows from its own rule-set and how much from
the power of (say) the Mathematica Simplify[] function (which will apply multiple transformations
on its input and return the result that Mathematica things is nicest) is something that can not be
answered until our work is complete.

However we then found that in both predicates and especially in replacements there were instances of
function calls with signi�cant depth. These are de�ned in a �le IntegrationUtilityFunctions.m.
The around 8000 lines of Mathematica code there include a great many small wrappers for simple
operations that are not problematic at all, however there are other sections that gave us pause. An
example is the function Subst which is fairly cryptically explained there as “Subst[u,x,v] returns u
with all nondummy occurrences of x replaced by v and resulting constant terms replaced by 0.” but
where inspection reveals that it together with its immediate sub-functions represents around 800 lines
of code. For a while that felt like a really severe road-block.

Our eventual response has been to recognize that it is necessary to view the Utilities �le as a further
set of rewrites to be handled alongside and using basically the same mechanisms as the main set of
integration rules. This is possible because much of Mathematica’s notation is close to being functional –
all the “procedure de�nitions” in the Utilities �le can, from only a slightly di�erent perspective, be seen
as “rewrites”.

The Utilities use a distinctly broader range of Mathematica syntax and facilities than the main set of
integration rules. This includes the various scoping constructs that interact with just how Mathematica
interprets the meaning of symbols, catch and throw, mapping over lists with what are in e�ect lambda
expressions and explicit in-line invocations of the pattern matcher. We have taken a pragmatic approach
– when some utility function uses "fancy" Mathematica features but is in fact fairly small or simple
we have just implemented a replacement in Lisp/R����� so only large and messy functions need to
be interpreted from their Mathematica form. We end up with what amounts to an interpreter for just
enough of the Mathematica language to cope with R���, and a scheme where any particular function
might end up either recursing in the interpreter to continue processing Mathematica forms or dropping
out into our own independent code.
As we were working on that we had arranged that any attempt to use a function that had not yet

been provided would lead to a clear message but that processing could continue (with R��� typically
just considering the rewrite concerned inapplicable and going on to try the next). This meant that
by running the full almost 80K test cases through our code we could count which functions were
blocking progress most often. At all stages this provided us with a form of priority list. For �ner grain
investigation we obviously also maintained scripts to test just a sample from the full test suite and also
to try our own hand-picked cases so that they could be run with extra tracing.
For longer than we had imagined would be the case our corrundum.red could only deliver results

for around 1% of the examples in the test suite and we perhaps started to feel a little despondent. On
implementing some more Mathematica functions to get the Utilities going at one stage boosted that so
we could solve almost 7% of the �rst 10000 test cases. The current state is that our code now does not
report any dangling unimplemented functions but clearly the emulation of some of Mathematica is still
buggy and for most examples the code yields a result that is a malformed formula. This is liable to be
"just a bug" and so we hope it will soon be �xed! But this paper is explicitly about "work in progress"
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and the comments here show that that is exactly where we are.

6. Current Results

On testing cases from the R��� test suite our performance so far is quite lamentable, with the very best
try to date managing to get proper answers for just under 7% of the cases! But this mainly re�ects
some residual Mathematica primitives that have not yet been coded and debugged enough to let all
examples run to completion. However our code can show the transformations that it makes and so one
can observe the rewrite engine both when behaving well and when not.
Here is a case of mixed gladness, where there is some degree of mixture between Mathamatica

botation (eg Log) and R����� (eg log):

Test case 57
Use rule 2778 on Int(Log(x),x)
transforms to x*Log(x) + (-1)*x
Use rule 2779 on Int(Log(x)^2,x)
transforms to x*Log(x)^2 + (-1)*xtimes(2,x*Log(x) + (-1)*x)
(~~~ test case 57 My leafcount 19 Theirs 15)
Input:

int(log(x)^2,x)
My result:

x*log(x)^2 + (-1)*xtimes(2,x*log(x) + (-1)*x)
Reference result from Rubi test file:

2*x + (-2)*x*log(x) + x*log(x)^2

“xtimes” is our rendering of the symbol \[Star] that Rubi introduces in some places where we suspect
it is trying to prevent Mathematica from transforming products under its feet. You can see that at
present we have not turned it back into ordinary multiplication on the way out. But you can also see
that along the way Corrundum has used two of the R��� rules (which we call numbers 2778 and 2779,
those numbers being easily decoded in our source �les) and that despite its ugliness our result here
is not much bulkier than the “o�cial” R��� one and is basically correct. This and many other cases
illustrates that the exact form of the o�cial R��� result depends on what amounts to post-R��� term
reordering and cleanup done by Mathematica, because in those cases our results can be equally correct
but just (for instance) order terms di�erently.
Various of the more severe problem cases we face are going to be easy to track and trace from the

sort of output we generate: �rst we show the input expression, then for each pattern that matches we
document both the identity of the rule triggered and the resulting transformed expression. Given that
this is all basically Lisp code it is then simple to set tracing on the functions that implement each step.
The above statement is correct in that debugging steps that are taken can be straightforward –

however there may also be instances in which Corrundum fails to make a match that R��� expects
and perhaps relies on. This could either be because of limitations in our pattern matching code or
because intermediate transforms have not left an expression in exactly the shape that R��� expected -
for instance because reaching that shape was a consequence of �ne details of Mathematica processing.
To help us track issues of that sort we are taking a second track. We have taken the full set of Rubi

rules in Mathematica format and added annotations that cause Mathematica to report on each rewrite
it makes, as in:

Test case 2: Int[x Sqrt[1 + 3 x], x]
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Rule 120
Rule 125
...
Rule 105
Rule 104

3/2 5/2
-2 (1 + 3 x) 2 (1 + 3 x)

Result: --------------- + --------------
27 45

and by cross referencing this against output from our system we will be able to track rewrites that
we do not make as well as debug ones that we do. Again the numbers attached to rules are ones that
have to be interpreted by indexing into our versions of the source �les – they are not absolutely �xed
to the reference version of the R��� sources. Also the rule-tracing is not the one that R��� has as one of
its nicer features - it is one that provides yet �ner grain information about the rewrites that are applied.
This sort of trace also makes it possible to identify the modest number of cases where the current

R��� rule-set can lead to unending cycles of transformation, so that attention can be given to tidying up
there. It also has the potential to let us identify both which Rubi rules are used most (so we can improve
performance by checking for those ones �rst) and perhaps spotting ones that are never used at all.
As has been notes several times already this is a project still in full swing, but we believe it has

already hit a number of valuable goals:

1. In understanding the current state of Rubi;
2. Understanding much more about the way in which it intertwines with Mathematica than any

experiment that remained within the Mathematica world could;
3. Provide a somewhat freestanding rewrite engine to use the R��� rules. The dependence we have

on R����� for algebra support is fairly modest (at least in our opinion) and (maybe when we
get round to it) easy to document. The main engine we have is expressed as Lisp code (albeit
presented in R����� syntax that sugars it and may make it easier for outsiders to come to grips
with it;

4. Get a system that can perform some integration using the R��� rule-set, with a real prospect that
getting a lot further is now “just debugging”. We have a “proof of concept”.

5. As we have developed this we have stashed away multiple ideas for performance engineering to
make our system rather fast.

So this has been and remains an entertaining project to have been working on, and we have now
reached a state where we would be willing to get others with suitable coding competence to join in to
push the work further, either until we have something �t to merge into R����� or to build on what we
have done to consider support for say Maxima, Maple or some other system.

7. Some lessons mainly about Mathematica that we have learned

The characterisation here comes from the perspective of one who is unfamiliar with Mathematica
and only confronts it through the prism of R���. This will of course provide a tinted and distorted
impression, but it is nevertheless relevant while trying to reproduce R���’s behaviour. So here we
collect points, some of which have been alluded to earlier but are still things we know now that we did
not at the start of this work.

To a �rst approximation Mathematica has two schemes for processing algebraic expressions. There
seems to be a range of transformations that are automatically and universally made. These include cases
like 1+1 ! 2 but also a⇤z⇤a ! a2⇤z where terms in products are sorted and consolidated into powers
when they are su�ciently identical, but not if they are equivalent but su�ciently textually di�erent.
There are then a wide range of functions that can explicitly perform operations such as expanding
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products, arranging a common denominator and so on. Finally there are generic simpli�cation functions
that try out a larger or smaller number of the explicit transformations and return what they judge to be
the nicest variant on their input that they come across.
We explain this here because a study of the R��� sources shows clearly that Albert Rich found the

need to work around some of the details of all this. Two cases in particular illustrate this by showing
transformations only reasonably comprehensible as work-arounds to detailed Mathematica behaviour,
In Mathematica the standard trigonometric functions are named Sin, Cos, Tan and the like - with

upper case initial letters. The R��� rules and utilities in places introduce a parallel set called sin, cos
and tan in lower case that are referred to as “inert”. Rules �rst convert from the standard Mathematica
versions to these ones and apply their own set of simpli�cations, but also at least potentially pass the
inert expressions through more general Mathematica transformations where presumably otherwise the
system would have “simpli�ed” things in unwanted ways.

Somewhat similarly \[Star] is used for a variant onmultiplication which is processed a little di�erently
from the regular Mathematica one.
Finally the utility functions �le contains a de�nition

FixIntRules[rulelist_] := Block[{Int, Subst, Simp, Star},
SetAttributes[{Int, Subst, Simp, Star},HoldAll];
Map[Function[FixIntRule[#,#[[1,1,2,1]]]], rulelist]]

where SetAttributes seems to be being used to make fairly broad adjustments to Mathematica
processing in a way that anybody not familiar with both all the R��� rules and their intended interactions
and just what Mathematica will do with or without that directive may �nd challenging to decode.
A feeling that arises from all of this is that to support R��� fully outside Mathematica it is perhaps

necessary to emulate some of the corners of Mathematica behaviour where R��� is then carefully taking
steps to allow for the fact that it did not want them to apply!
None of this is to be viewed as a criticism of either Mathematica or of that state of the �nal R���

snapshot, but it may suggest that the entanglement between them is non-trivial. A di�erent view is
that perhaps in reality the worries expressed here will end up impacting only a small fraction of the
examples in the test suite, and in some future R��� some adaptation or adjustment of rules may sort
that out easily. Until our work is complete we can not tell!
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�� *OUSPEVDUJPO

This paper discusses the trajectory planning of a 6-Degree-of-Freedom (DOF) robot manipulator.
A manipulator is a robot resembling a human hand and comprises links that function as a
human arm and joints that function as human joints. Each link is connected for movement
relative to each other by a joint. The first link is connected to the ground, and the last link
called end-effector, contains the hand, which can be moved freely. In this paper, we consider a
manipulator called “myCobot 280" [1] (hereafter called “myCobot”) that has six joints connected
in series that can only rotate around a certain axis. Note that each joint has one degree of
freedom. Therefore, myCobot has at most six degrees of freedom.

The inverse kinematics problem is a problem of determining the joint arrangement when the
end-effector is placed in a specified direction on a certain coordinate in space. The trajectory
planning problem of the manipulator is an inverse kinematics problem in which the position
of the end-effector is expanded from a single coordinate to a trajectory. In other words, it can
be regarded as a problem to find the displacement of the joint when the end-effector of the
manipulator moves on a given trajectory from the initial position to the final position.

In computer algebra, methods for the inverse kinematics problem of a 6-DOF robot manipulator
have been proposed for more than 30 years ([2], [3]). Furthermore, several methods have
been proposed to solve the inverse kinematics problem of a manipulator using Gröbner basis
computation ([4], [5], [6], [7]). Among them, two of the present authors have proposed methods
for solving the inverse kinematic problem ([8], [9]) and trajectory planning problem ([10]) of
a 3-DOF manipulator using computer algebra. In more detail, we have proposed a method
for solving the inverse kinematic problem efficiently with the use of Comprehensive Gröbner
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Systems (CGS) and certifying the existence of a solution to the inverse kinematic problem using
the CGS-QE, or the quantifier elimination (QE) based on the CGS computation.

In this paper, we consider the trajectory planning of a 6-DOF robot manipulator while
controlling the orientation of the end-effector using computer algebra. As a first step towards the
objective, we present a solution to the inverse kinematics problem such that the end-effector’s
orientation remains constant. More precisely, we present a solution to the inverse kinematics
problem under the condition that the end-effector’s local coordinate system overlaps the global
coordinate system by translation.

The paper is organized as follows. In Section 2, the coordinate system and the notation of the
manipulator are introduced. In Section 3, the analytical solution of general inverse kinematics
problems is first described, followed by the solution in myCobot. In Section 4, future initiatives
are described.

�� 1SFMJNJOBSJFT

���� $PPSEJOBUF TZTUFNT

For each joint in myCobot, the coordinate system is defined as follows (see Figure 1). Let
each joint be numbered as joint ઽ from the base to the end-effector in increasing order, and the
end-effector be numbered as joint 7. Let ઽ be the coordinate system of joint ઽ. Here, � is the
reference (global) coordinate system, while the other coordinate systems are local. The axes
of each coordinate system are defined as follows: the ઽ૎ axis in the direction of the joint axis
(rotational axis in the case of a revolute joint), ઽૌ axis in the direction of the common normal of
the ઽ૎ and ઽ��૎ axes, and ઽ્ axis to be a right-handed system.

���� /PUBUJPO

For the index ઽ, the matrices are denoted by જઽ, and vectors are denoted by ઽ��ૌૂ, in which
subscripts are used to distinguish points, and superscripts denote the local coordinate system to
which they refer (vectors with no superscripts are referenced in �). If the vector is referenced
with respect to a different coordinate system, it is enclosed within brackets, and a separate
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superscript is added outside the brackets. (e.g. ઽ<ઽ��ૌૂ>). Scalars are expressed in lowercase
variables, and subscripts, such as શઽ, are used where necessary. In ઽ, the origin is denoted by પઽ
and the unit vectors are denoted by ઽ઺ૌ, ઽ઺્ and ઽ઺૎. In vector ૊, the ઽ-th component is denoted by૊<ઽ>.
���� 5IF %FOBWJU�)BSUFOCFSH DPOWFOUJPO

The ‘Denavit-Hartenberg parameters’ [11] are used as a transformation method between coor-
dinate systems. The following parameters are used in the transformations: શઽ as the length of
the common normal between the ઽ૎ and ઽ��૎ axes, ൊઽ as the angle from the ઽ૎-axis towards theઽ��૎-axis around the ઽ��ૌ-axis in the clockwise direction, હઽ as the length between the common
normal શઽ and the origin of the coordinate system ઽ, and ൑ઽ as the angle between the common
normal શઽ and the ઽૌ axis.

Let જઽ be the transformation matrix from ઽ�� and ઽ. Then, as the product of matrices
representing rotation and translation, જઽ is expressed by using the above parameters as

જઽ � उऊऊऋ
DPT ൑ઽ ࠨ TJO ൑ઽ DPT ൊઽ TJO ൑ઽ TJO ൊઽ શઽ DPT ൑ઽ
TJO ൑ઽ DPT ൑ઽ DPT ൊઽ ࠨ DPT ൑ઽ TJO ൊઽ શઽ TJO ൑ઽ� TJO ൊઽ DPT ൊઽ હઽ� � � �

ऌऍऍऎ � (1)

For expressing the transformation of the coordinate system, affine coordinates are used as
follows: if the coordinates of a point is expressed as ૈ	ઽૌ
 ઽ્
 ઽ૎
 and also as ૈ��	ઽ��ૌ
 ઽ��્
 ઽ��૎
,
they are denoted by ઽળ � ૈ	ઽૌ
 ઽ્
 ઽ૎
 �
 and ઽ��ળ � 	ઽ��ૌ
 ઽ��્
 ઽ��૎
 �
, respectively, in which the
last coordinates represent translation. Then, by the definition of જઽ, we have ઽળ � જઽઽ��ળ andઽ��ળ � જࠨ�ઽ ઽળ, where

જࠨ�ઽ � उऊऊऋ
DPT ൑ઽ TJO ൑ઽ � ࠨશઽࠨ TJO ൑ઽ DPT ൊઽ DPT ൑ઽ DPT ൊઽ TJO ൊઽ હઽࠨ TJO ൊઽ

TJO ൑ઽ TJO ൊઽ ࠨ DPT ൑ઽ TJO ൊઽ DPT ൊઽ હઽࠨ DPT ൊઽ� � � �
ऌऍऍऎ �

If ૂ � � coordinate systems are given, there exist ૂ coordinate transformations between
neighboring coordinate systems. Therefore, if the coordinates of a point are given as �ળ with
respect to � (the end-effector), the coordinates �ળ of the same point with respect to � (the global
coordinate system) is obtained by multiplying જઽ in sequence, such that�ળ � "FR�ળ
 "FR � જ�જ�જ�જ�જ�જ�� (2)

Note that the inverse transformation is given as "FRࠨ� � જࠨ�� જࠨ�� જࠨ�� જࠨ�� જࠨ�� જࠨ�� .

�� 4PMWJOH UIF JOWFSTF LJOFNBUJD QSPCMFN

���� 5IF GPSXBSE LJOFNBUJDT

We first consider the forward kinematics problem of myCobot. Let ૄ � ໃໃໃໃໃໃໃ݁પ�પ� be the vector
from the origin of � (position of the root of the manipulator) to the origin of � (position of the
end-effector), and let ી � ૈ	ી�
 ી�
 ી�
 � �<�઺ૌ>, ુ � ૈ	ુ�
 ુ�
 ુ�
 � �<�઺્>, ૂ � ૈ	ૂ�
 ૂ�
 ૂ�
 � �<�઺૎> be
the vectors that are parallel to the unit vectors on the ૌ, ્, and ૎ axes of �, respectively. Then,ૄ
 ી
 ુ
 ૂ is represented with respect to � as

उऊऊऋ
ી�ી�ી��
ऌऍऍऎ � "FR

उऊऊऋ
����
ऌऍऍऎ 


उऊऊऋ
ુ�ુ�ુ��

ऌऍऍऎ � "FR
उऊऊऋ
����
ऌऍऍऎ 


उऊऊऋ
ૂ�ૂ�ૂ��
ऌऍऍऎ � "FR

उऊऊऋ
����
ऌऍऍऎ 


उऊऊऋ
ૄ�ૄ�ૄ��
ऌऍऍऎ � "FR

उऊऊऋ
����
ऌऍऍऎ 
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therefore, each component of "FR and "FRࠨ� is obtained as

"FR � उऊऊऋ
ી� ુ� ૂ� ૄ�ી� ુ� ૂ� ૄ�ી� ુ� ૂ� ૄ�� � � �

ऌऍऍऎ 
 "FRࠨ� � उऊऊऋ
ી� ી� ી� �ી�ૄ	ࠨ � ી�ૄ� � ી�ૄ�
ુ� ુ� ુ� �ૄ�ુ	ࠨ � ુ�ૄ� � ુ�ૄ�
ૂ� ૂ� ૂ� �ૄ�ૂ	ࠨ � ૂ�ૄ� � ૂ�ૄ�
� � � �

ऌऍऍऎ � (3)

As seen in eq. (3), by putting the angles of the joints ൑�
 ۩ 
 ൑� into the transformation matrix જઽ,
the position and orientation of the end-effector are obtained.

���� 5IF JOWFSTF LJOFNBUJD QSPCMFN

To make use of eq. (3) in myCobot, we substitute some of the joint parameters શઽ
 ൊઽ
 હઽ
 ൑ઽ of
myCobot into the transformation matrix જઽ. As shown in the schematic diagram of myCobot in
Figure 1, where the squares represent the revolute joints and the angle of rotation ൑ઽ is given by
taking a positive counterclockwise direction with respect to the ઽ૎ axis, the joint parameters are
given as \ൊ�
 ൊ�
 ൊ�
 ൊ�
 ൊ�
 ൊ�^ � \൙��
 �
 �
 ൙��
 ൙��
 �^
 શ� � હ� � હ� � શ� � શ� � શ� � �� (4)

By substituting the joint parameters in eq. (4) into the transformation matrix જઽ in eq. (1),
"FR is calculated. Then, by comparing the components of "FR with the components of "FR in
eq. (3), a system of 12 polynomial equations in the variables ેઽ and સઽ (ઽ � �
 ۩ 
 �) is obtained,
where ેઽ � TJO ൑ઽ and સઽ � DPT ൑ઽ. Each ൑ઽ can be obtained by selecting the appropriate equation(s)
from the above system and finding the solution. However, in the computation of Gröbner
basis, the coefficients of the equations may expand, which makes it difficult to find the solution.
Therefore, we focus on the structure of myCobot and solve its inverse kinematic problem from a
different perspective as follows.

���� 4PMWJOH UIF JOWFSTF LJOFNBUJD QSPCMFN XJUI B ॳJYFE PSJFOUBUJPO

Inverse kinematics problems for robot manipulators of a certain structure can be solved analyti-
cally [12, 13]. Pieper [13] has pointed out that when the end effector of a 6-DOF manipulator has
a spherical joint, the inverse kinematics problem can be separated into position and orientation
problems of the end-effector. He has further noted that when the rotational axes of three consec-
utive rotational joints of a 6-DOF manipulator intersect at a single point, the inverse kinematics
problem can also be separated into position and orientation problems of the end-effector.

Pieper’s argument suggests that if there exists a combination of three consecutive rotational
joints whose rotational axes intersect at a single point, it becomes possible to solve the inverse
kinematics problem analytically. However, unfortunately, in the case of myCobot, there are no
combinations of three consecutive rotational joints whose rotational axes intersect at a single
point, although there are combinations of two consecutive joints whose rotational axes intersect
at a single point. Therefore, following Pieper’s approach, we solve the inverse kinematics problem
by imposing constraints on the orientation of the end-effector.

For simplicity, we solve the inverse kinematic problem with the condition that the orientation
of the end-effector remains constant, i.e. the axis in � is parallel to the axis in � preserving the
same direction. Let ી � ૈ	�
 �
 �

 ુ � ૈ	�
 �
 �

 ૂ � ૈ	�
 �
 �
, then "FR and "FRࠨ� in eq. (3) become
as

"FR � उऊऊऋ
� � � ૄ�� � � ૄ�� � � ૄ�� � � �

ऌऍऍऎ 
 "FRࠨ� � उऊऊऋ
� � � ��ૄࠨ � � ��ૄࠨ � � ��ૄࠨ � � �

ऌऍऍऎ �
Let ફ be the intersection point of axes �૎ and �૎, expressed as�ફ � ໃໃໃໃໃ݁પ�ફ � ૈ	ૌ
 ્ 
 ૎
 �
� (5)
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Note that ફ is the position of Joint 5. We first express TJO ൑ઽ and DPT ൑ઽ 	ઽ � �
 ۩ 
 �
 with the
coordinate of the intersection ફ.

Let �ફ � ໃໃໃໃໃ݁પ�ફ, then �ફ is expressed in two ways as

�ફ � જࠨ�� જࠨ�� उऊऊऋ
����
ऌऍऍऎ � उऊऊऋ

�હࠨ TJO ൑ࠨ�હ� DPT ൑ࠨ�હ��
ऌऍऍऎ 
 �ફ � "FRࠨ� उऊऊऋ

ૌ્૎�
ऌऍऍऎ � उऊऊऋ

ૌ ࠨ ૄ�્ ࠨ ૄ�૎ ࠨ ૄ��
ऌऍऍऎ �

By equating two vectors �ફ above, we have

TJO ൑� � ૄ� ࠨ ૌહ� 
 DPT ൑� � ૄ� ࠨ ્હ� � (6)

Let ો� be the unit vector in the direction of �૎-axis. Then, ો� and � ๱ો�๲ are expressed as

ો� � જ�જ�જ� उऊऊऋ
TJO ൑ࠨ� DPT ൑���

ऌऍऍऎ 
 � ๱ો�๲ � જࠨ�� જࠨ�� જࠨ�� उऊऊऋ
DPT ൑� TJO ൑ࠨ� TJO ൑� TJO ൑ࠨ� DPT ൑��

ऌऍऍऎ � (7)

By using � ๱ો�๲ above and "FR, we obtain another expression for ો� asો� � "FR� ๱ો�๲ � ૈ	DPT ൑� TJO ൑�
 ࠨ TJO ൑� TJO ൑�
 ࠨ DPT ൑�
 �
� (8)

By comparing each component of ો� in eqs. (7) and (8), respectively, we have

DPT ൑� � �
 TJO ൑� � q�
 DPT ൑� � q TJO ൑� � qૄ� ࠨ ૌહ� 
 TJO ൑� � q DPT ൑� � qૄ� ࠨ ્હ� � (9)

Next, ફ� � ໃໃໃໃໃ݁પ�ફ is expressed as

ફ� � જ�જ�જ� उऊऊऋ
��હ��
ऌऍऍऎ � उऊऊऋ

હ� TJO ൑� � શ� DPT ൑� DPT ൑� � શ� DPT ൑�	DPT ൑� DPT ൑� ࠨ TJO ൑� TJO ൑�
�હࠨ DPT ൑� � શ� TJO ൑� DPT ൑� � શ� TJO ൑�	DPT ൑� DPT ൑� ࠨ TJO ൑� TJO ൑�
હ� � શ� TJO ൑� � શ�	TJO ൑� DPT ൑� � DPT ൑� TJO ൑�
�
ऌऍऍऎ � (10)

On the other hand, ફ� is also expressed as �ફ � ૈ	ૌ
 ્ 
 ૎
 �
 as shown in eq. (5). Let બ ��ફ<�>� � �ફ<�>� � 	�ફ<�> ࠨ હ�
� � ફ�<�>� � ફ�<�>� � 	ફ�<�> ࠨ હ�
�, then we haveબ � ૌ� � ્� � 	૎ ࠨ હ�
� � શ�� � શ�� � હ�� � �શ�શ� DPT ൑�� (11)

Therefore,

DPT ൑� � ૌ� � ્� � 	૎ ࠨ હ�
� ࠨ શ�� ࠨ શ�� ࠨ હ���શ�શ� 
 TJO ൑� � q໩� ࠨ 	DPT ൑�
�
From the third component of ફ� and the constraints,we haveહ� � શ� TJO ൑� � શ�	TJO ൑� DPT ൑� � DPT ൑� TJO ൑�
 � ૎
 (12)	TJO ൑�
� � 	DPT ൑�
� � �� (13)

If DPT ൑�
 TJO ൑� is obtained, DPT ൑�
 TJO ൑� is easily found from eq. (12).
Finally to find DPT ൑� and TJO ൑�, let ો� be the unit vector in the direction of �૎-axis. Then, by

using � ๱ો�๲ expressed as

�<ો�> � જࠨ�� જࠨ�� उऊऊऋ
����
ऌऍऍऎ � उऊऊऋ

TJO ൑�
DPT ൑���

ऌऍऍऎ 
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we have the expression for ો� in two ways as

ો� � જ�જ�જ�જ� उऊऊऋ
����
ऌऍऍऎ � उऊऊऋ

DPT ൑� TJO	൑� � ൑� � ൑�

TJO ൑� TJO	൑� � ൑� � ൑�
ࠨ DPT	൑� � ൑� � ൑�
�

ऌऍऍऎ 
 ો� � "FR�<ો�> � उऊऊऋ
TJO ൑�
DPT ൑���

ऌऍऍऎ �
Then, by comparing each component of ો� above, ൑� is obtained as the one satisfying DPT	൑� �൑� � ൑�
 � � and TJO	൑� � ൑� � ൑�
 � q�, together with the use of the additivity theorem.

We could represent TJO ൑ઽ and DPT ൑ઽ 	ઽ � �
 ۩ 
 �
 using the coordinates of the intersection ફ.
Next, we want to find ૌ
 ્ and ૎.

First, comparing the third component of �ફ, we haveࠨહ� � ૎ ࠨ ૄ�� (14)

Next, from eq. (6) and the trigonometric identity, we have

ༀૄ� ࠨ ૌહ� ༈� � ༀૄ� ࠨ ્હ� ༈� � �� (15)

Finally, by equating the first and the third components in the vector in the right-most-hand
of eq. (10) with ૌ and ૎, respectively, we haveહ� TJO ൑� � શ� DPT ൑� DPT ൑� � શ� DPT ൑�	DPT ൑� DPT ൑� ࠨ TJO ൑� TJO ൑�
 � ૌ
હ� � શ� TJO ൑� � શ�	TJO ൑� DPT ൑� � DPT ൑� TJO ൑�
 � ૎�
Then, by substituting TJO ൑� � ફ્ࠨ�હ� and DPT ൑� � �ૌહࠨ�ૄ in eq. (9) into the above equations, assuming
first that TJO ൑� � �, we have the following system of equations in TJO ൑�
 DPT ൑�
 TJO ൑�
 DPT ൑�:હ�ૄ� ࠨ ્હ� � શ�ૄ� ࠨ ૌહ� DPT ൑� � શ�ૄ� ࠨ ૌહ� 	DPT ൑� DPT ൑� ࠨ TJO ൑� TJO ൑�
 � ૌ
હ� � શ� TJO ൑� � શ�	TJO ൑� DPT ൑� � DPT ൑� TJO ൑�
 � ૎
	TJO ൑�
� � 	DPT ൑�
� � �
	TJO ൑�
� � 	DPT ൑�
� � �
 (16)

in which the last two equations are added as trigonometric identities.
Then, the solution of the system in eq. (16) gives the value of DPT ൑� as

DPT ൑� � ��શ�શ�	ૄ� ࠨ ૌ
� ๢ࠨશ��ૄ�� ࠨ શ��ૄ�� � ૄ��હ�� � ૄ��હ�� � �શ��ૄ�ૌ � �શ��ૄ�ૌ ࠨ �ૄ�હ��ૌ ࠨ �ૄ�હ�હ�ૌࠨ શ��ૌ� ࠨ શ��ૌ� � હ��ૌ� � હ��ૌ� ࠨ �ૄ�હ��્ � �હ�હ�ૌ્ � હ��્� ࠨ �ૄ��હ�૎ � �ૄ�હ�ૌ૎ ࠨ �હ�ૌ�૎� ૄ��૎� ࠨ �ૄ�ૌ૎� �ૌ�૎�๣ � (17)

By putting DPT ൑� in eq. (17) into the first equation in eq. (11) and multiplying both sides by	ૄ� ࠨ ૌ
�, we haveહ��ૄ�� � હ��ૄ�� ࠨ �	હ��ૄ� � હ�હ�ૄ�
ૌ � 	હ�� � હ�� ࠨ ૄ��
ૌ� � �ૄ�ૌ� ࠨ ૌࠨ� �હ��ૄ�્ � �હ�હ�ૌ્ � 	હ�� ࠨ ૄ��
્� � �ૄ�ૌ્� ࠨ ૌ�્� � �� (18)

In the case TJO ൑� � ,�ࠨ perform the same calculation with TJO ൑� � ફ્ࠨ�હ� and DPT ൑� � �ૌહࠨ�ૄ . In
this case, the sign in eqs. (17) and (18) changes in part, which gives the following equations.
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DPT ൑� � ��શ�શ�	ૄ� ࠨ ૌ
� ๢ࠨશ��ૄ�� ࠨ શ��ૄ�� � ૄ��હ�� � ૄ��હ�� � �શ��ૄ�ૌ � �શ��ૄ�ૌ ࠨ �ૄ�હ��ૌ � �ૄ�હ�હ�ૌࠨ શ��ૌ� ࠨ શ��ૌ� � હ��ૌ� � હ��ૌ� ࠨ �ૄ�હ��્ ࠨ �હ�હ�ૌ્ � હ��્� ࠨ �ૄ��હ�૎ � �ૄ�હ�ૌ૎ ࠨ �હ�ૌ�૎� ૄ��૎� ࠨ �ૄ�ૌ૎� �ૌ�૎�๣ 
 (19)

હ��ૄ�� � હ��ૄ�� ࠨ �	હ��ૄ� ࠨ હ�હ�ૄ�
ૌ � 	હ�� � હ�� ࠨ ૄ��
ૌ� � �ૄ�ૌ� ࠨ ૌࠨ� �હ��ૄ�્ ࠨ �હ�હ�ૌ્ � 	હ�� ࠨ ૄ��
્� � �ૄ�ૌ્� ࠨ ૌ�્� � �� (20)

Furthermore, eq. (18) or eq. (20) together with eqs. (14) and (15), we obtain a system of
polynomial equations in ૌ
 ્ 
 ૎. Solving the system (by using Gröbner basis computation, etc.)
gives the position of the intersection point ફ.
�� $PODMVEJOH SFNBSLT

In this paper, we have proposed a solution for the inverse kinematic problem of a 6-DOF
manipulator under the condition that the orientation of the end-effector remains constant.

Our first task from here includes the verification of the solution with the CGS-QE method
and efficiently solving the system of polynomial equations by using CGS, as we have proposed in
the previous work. In addition, the orientation was specified this time for simplicity. However,
orientation is not always constant in real-world manipulators. It is therefore necessary to develop
the problem into an inverse kinematics problem for arbitrary orientations. There are several
conditions on the geometry of the 6-DOF manipulator to be analytically solvable [13], and a
method with computer algebra has been proposed for solving the inverse kinematic problem of
the 6-DOF manipulator [3]. We will look for better solutions with reference to these methods.
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.FUIPET GPS 4PMWJOH UIF 1PTU $PSSFTQPOEFODF
1SPCMFN BOE $FSUJॳJDBUF (FOFSBUJPO
"LJIJSP 0NPSJ�
 :BTVIJLP .JOBNJEF�

�%FQBSUNFOU PG .BUIFNBUJDBM BOE $PNQVUJOH 4DJFODF
 5PLZP *OTUJUVUF PG 5FDIOPMPHZ
 5PLZP
 +BQBO
�%FQBSUNFOU PG .BUIFNBUJDBM BOE $PNQVUJOH 4DJFODF
 5PLZP *OTUJUVUF PG 5FDIOPMPHZ
 5PLZP
 +BQBO

"CTUSBDU
1PTU $PSSFTQPOEFODF 1SPCMFN 	1$1
 JT B XFMM�LOPXO VOEFDJEBCMF QSPCMFN� 4PMWJOH JOTUBODFT XJUI
TPMVUJPOT JT TUSBJHIUGPSXBSE XJUI FYQMPSBUJPO BMHPSJUINT
 CVU QSPWJOH JOGFBTJCJMJUZ JT DIBMMFOHJOH� 5IJT
SFTFBSDI JOUSPEVDFT UXP NFUIPET UP EFNPOTUSBUF JOGFBTJCJMJUZ
 JODMVEJOH HFOFSBUJOH GPSNBM QSPPGT JO
*TBCFMMF�)0-�

,FZXPSET
1PTU۟T $PSSFTQPOEFODF 1SPCMFN
 'PSNBM 7FSJहDBUJPO
 3FBDIBCJMJUZ 1SPCMFN
 "VUPNBUB

�� *OUSPEVDUJPO

5IF 1PTU $PSSFTQPOEFODF 1SPCMFN 	1$1

 QSPQPTFE CZ 1PTU JO ���� <�>
 JT VOEFDJEBCMF� 1$1
JOTUBODFT VTF UJMFT XJUI UXP TUSJOHT PO UPQ BOE CPUUPN�

���
�

�
���

�
��

*O UIJT FYBNQMF
 UIFSF BSF UISFF LJOET PG UJMFT
 FBDI BWBJMBCMF JO JOहOJUF RVBOUJUJFT� 5IF QSPCMFN JT
UP EFUFSNJOF XIFUIFS JU JT QPTTJCMF UP BSSBOHF POF PS NPSF UJMFT JO TVDI B XBZ UIBU UIF SFBEJOH PG
UIF UPQ BOE CPUUPN TUSJOHTNBUDIFT� *O UIJT QBSUJDVMBS JOTUBODF
 B TPMVUJPO 	JOEJDFT PG BSSBOHFNFOU
PG UJMFT
 JT ۢ������� 
ۣ BOE UIJT TIPXT UIBU CPUI UIF UPQ BOE CPUUPN SFBE ۢ������������� �ۣ

���
�

�
��

���
�

���
�

�
��

�
���

�
���

'PS JOTUBODFT UIBU IBWF B TPMVUJPO
 JU JT QPTTJCMF UP हOE UIF TPMVUJPO XJUIJO हOJUF UJNF VTJOH
BO FYQMPSBUJPO BMHPSJUIN� 0O UIF PUIFS IBOE
 EFUFSNJOJOH UIBU OP TPMVUJPO FYJTUT JT DIBMMFOHJOH

BOE EVF UP UIF VOEFDJEBCJMJUZ PG UIF QSPCMFN
 OP HFOFSBM BMHPSJUIN FYJTUT GPS UIJT QVSQPTF�
1SFWJPVT SFTFBSDI IBT QSPQPTFE IFVSJTUJD BMHPSJUINT GPS हOEJOH TPMVUJPOT <�
 �> BOE -JOH ;IBP
	����
 <�> BUUFNQUFE UP TPMWF BMM UIF QSPCMFNT JO 1$1<�
�> BOE MF॑ �
��� QSPCMFNT VOTPMWFE�
1$1<�
�> SFGFST UP B TFU PG BMM JOTUBODFT XIFSF UIF OVNCFS PG UJMFT JT �
 BOE UIF NBYJNVN MFOHUI
PG UIF XSJUUFO TUSJOHT JT ��

5IJT SFTFBSDI NBLFT UIF GPMMPXJOH UISFF NBJO DPOUSJCVUJPOT�
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ۨ 1SPQPTF UXP OPWFM BMHPSJUINT UP EFNPOTUSBUF UIBU B 1$1 JOTUBODF IBT OP TPMVUJPO�
ۨ 4PMWF BMM QSPCMFNT PG 1$1<�
�> FYDFQU GPS �� QSPCMFNT�
ۨ 4IPX BO FYBNQMF PG BVUPNBUJD QSPPG HFOFSBUJPO GPS DPODSFUF QSPCMFNT�

�� 5IF 'JSTU .FUIPE� 4USJOH $POTUSBJOU 'PSNVMBUJPO

8F GPSNVMBUF 1$1 BT B TUSJOH DPOTUSBJOU QSPCMFN�

&YBNQMF ��� 	&YBNQMF PG ય઼ BOE યݒ
� -FU 1$1 JOTUBODF ત � 		����
 ����

 	����
 �

 	��
 ����

�
8F EFOPUF UIF UPQ BOE CPUUPN TUSJOHT PO UIF ઽ�UI UJMF CZ ઼ઽ BOE 
ઽݒ SFTQFDUJWFMZ� -FU ય઼ BOE યݒ CF
USBOTEVDFST BT EFहOFE CFMPX� *OUVJUJWFMZ
 UIF USBOTEVDFS ય઼ PVUQVUT ઼� GPS ۞� 
۟ ઼� GPS ۞� 
۟ BOE EPFT
OPU BDDFQU UIF FNQUZ TUSJOH� 5IF TUSJOH ો JT B TPMVUJPO UP UIF 1$1 JG BOE POMZ JG ય઼	ો
 � યݒ	ો
�

ૅ� ૅ઻����������������
������

������
����

'JHVSF �� ય઼
ૅ� ૅ઻���������������

������
���

������
'JHVSF �� યݒ

%FࡵOJUJPO ��� 	4USJOH $POTUSBJOU PG 1$1
� 5IF DPOTUSBJOU ય઼	ો
 � યݒ	ો
 DSFBUFE JO UIJT XBZ JT
DBMMFE UIF TUSJOH DPOTUSBJOU PG JOTUBODF ત�

3FHBSEJOH UIF TUSJOH DPOTUSBJOU ൧ PG UIF 1$1 JOTUBODF ત
 UIF TBUJTहBCJMJUZ JT VOEFDJEBCMF� 8F
DPOTJEFS ൧๜ TVDI UIBU ൧	ો
 ਑ ൧๜	ો
 BOE JT FऻDJFOUMZ EFDJEBCMF� 4VDI ൧๜ JT SFGFSSFE UP BT B
SFMBYBUJPO QSPCMFN 	TJNQMZ SFMBYBUJPO
 PG ൧� #Z TIPXJOH UIBU ൧๜ JT VOTBUJTहBCMF
 XF XPVME MJLF
UP TIPX UIBU ൧ JT BMTP VOTBUJTहBCMF� 'PS FYBNQMF
 DPOTJEFSJOH POMZ UIF OVNCFS PG DIBSBDUFST]ય઼	ો
] � ]યݒ	ો
] JT TVJUBCMF BT ൧๜� "EEJUJPOBMMZ
 NBUDIJOH 1BSJLI JNBHFT PS UIF OVNCFS PG
TQFDJहD XPSET JT BOPUIFS FYBNQMF PG ൧๜� (FOFSBMJ[JOH UIFTF FYBNQMFT
 XF IBWF UIF GPMMPXJOH
QSPQPTJUJPO�

1SPQPTJUJPO ���� -FU લ CF BO BSCJUSBSZ UPUBM JOUFHFS�WFDUPS�PVUQVU USBOTEVDFS� $POTJEFSલ	ય઼	ો

 ࠿ લ 	યݒ	ો

 ࡴ ࠛ 	�


5IJT JT B SFMBYBUJPO QSPCMFN PG ൧ BOE JT EFDJEBCMF� 8F TFU TPNF લ BOE IPQF JU JT JOGFBTJCMF�

"MUIPVHI EFUBJMT BSF PNJUUFE
 UIF DPOEJUJPO લ	ય઼	ો

 ࠿ લ 	યݒ	ો

 ࡴ ࠛ DBO CF SFEVDFE UP UIF
FNQUJOFTT QSPCMFN PG B 1BSJLI BVUPNBUPO DPOTUSVDUFE GSPN લ
 ય઼
 યݒ
 BOE UIFJS QSPEVDU� 5IF
1BSJLI BVUPNBUPO FNQUJOFTT BMHPSJUIN XF VTF JT MBSHFMZ TJNJMBS UP UIF POF EFTDSJCFE JO 4FDUJPO
� PG <�>
 TP XF PNJU UIF EFUBJMT� 8IJMF OPU EFUBJMFE IFSF
 PVS BMHPSJUIN BDIJFWFE TJHOJहDBOU
TQFFEVQ CZ BQQMZJOH UXP UFDIOJRVFT UP UIJT BMHPSJUIN� 	�
 EFMBZJOH BOE EZOBNJDBMMZ BEEJOH
DPOTUSBJOUT SFMBUFE UP DPOOFDUJWJUZ
 BOE 	�
 SFEVDJOH UIF QSPCMFN UP B OBUVSBM GPSN GPS .JYFE
*OUFHFS 1SPHSBNNJOH BOE MFWFSBHJOH B DVUUJOH�FEHF .*1 TPMWFS�
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�� 5IF 4FDPOE .FUIPE� 5SBOTJUJPO 4ZTUFN 'PSNVMBUJPO

*OUVJUJWFMZ
 BSSBOHJOH FBDI UJMF POF CZ POF SFQSFTFOUT B USBOTJUJPO
 BOE ۢUIF SFNBJOJOH QBSU
PG UIF TUSJOH BOE XIFUIFS JU JT PO UIF UPQ PS CPUUPNۣ SFQSFTFOUT B TUBUF� 8F DBMM TVDI B QBJS
DPOࡊHVSBUJPO� 1$1 DBO CF GPSNVMBUFE BT B SFBDIBCJMJUZ QSPCMFN� ۢ*T JU QPTTJCMF UP SFBDI UIF TUBUF
PG UIF FNQUZ TUSJOH ۣ

&YBNQMF ���� 8IFO BSSBOHJOH UXP UJMFT MJLF ���
�

��
�


 UIF TUBUF SFQSFTFOUJOH JU JT ۢUPQ


SFNBJOEFS ����ۣ *G B USBOTJUJPO JT NBEF CZ BQQFOEJOH ���
��


 UIF OFYU TUBUF XJMM CF ۢUPQ
 SFNBJOEFS

�����ۣ

���� 1SPCMFN %FॳJOJUJPO

8F GPSNVMBUF 1$1 BT B SFBDIBCJMJUZ QSPCMFN� 'JSTU
 XF EFहOF UIF USBOTJUJPO TZTUFN PG 1$1�

%FࡵOJUJPO ��� 	5SBOTJUJPO 4ZTUFN PG 1$1
� -FU ત � 		઼�
 
�ݒ
 ۩ 
 	઼ે
 
ેݒ
 CF B 1$1 JOTUBODF PG
TJ[F ે PWFS ͍� 8F EFहOF UIF USBOTJUJPO TZTUFN ય ૆ � 	બ
 ય 
 ત ૂઽૈ 
 ઝશહ
 BT GPMMPXT�

ۨ 4UBUF TFU બ � \UPQ
 CPUUPN^ � ͍࠭�
ۨ 5SBOTJUJPO GVODUJPO ય ࡌ બ ި �બ JT EFहOFE BT GPMMPXT�ય 	CPUUPN
 ો
 � \	CPUUPN
 ો ๜
 ࠹ ࠙ઽ ࡸ ે� ોݒઽ � ઼ઽો ๜^ ࡀ \	UPQ
 ો ๜
 ࠹ ࠙ઽ ࡸ ે� ોݒઽો ๜ � ઼ઽ^ય 	UPQ
 ો
 � \	UPQ
 ો ๜
 ࠹ ࠙ઽ ࡸ ે� ો઼ઽ � ઽોݒ ๜^ ࡀ \	CPUUPN
 ો ๜
 ࠹ ࠙ઽ ࡸ ે� ો઼ઽો ๜ � ^ઽݒ
ۨ #BE TUBUF TFU ઝશહ � \	UPQ
 ൤

 	CPUUPN
 ൤
^�
ۨ *OUJBM TUBUF TFU ત ૂઽૈ � ય 	UPQ
 ൤
�
5IF TUBUFT B॑FS BSSBOHJOH POF UJMF JT DPOTJEFSFE UIF JOJUJBM TUBUF
 BT BO FNQUZ BSSBOHFNFOU
JT OPU WBMJE�

*O UIF GPMMPXJOH
 ય JT OBUVSBMMZ FYUFOEFE BOE VTFE BT ય ࡌ �બ ި �બ�
5IF CFIBWJPS PG UIF USBOTJUJPO ય 	CPUUPN
 ો
 JT JMMVTUSBUFE CFMPX� 8IFO ો JT UIF DVSSFOU TUBUF


BEEJOH 	઼ઽ
 
ઽݒ SFTVMUT JO UIF SFNBJOJOH QBSU CFDPNJOH UIF OFYU TUBUF ોۜ � 5IFSF BSF UXP QBUUFSOT�
POF XIFSF UIF TBNF TJEF BT UIF QSFWJPVT TUBUF DPOUJOVFT
 BOE POF XIFSF UIF TJEF DIBOHFT�઼ઽો ઽݒ ો ๜

	B
 1BUUFSO XIFSF UIF TJEF EPFTO۟U DIBOHF

઼ઽો ઽݒ ો ๜
	C
 1BUUFSO XIFSF UIF TJEF DIBOHFT

%FࡵOJUJPO ��� 	3FBDIBCJMJUZ 1SPCMFN PG 1$1
� %PFT UIFSF FYJTU ૂ TVDI UIBUય ૂ	ત ૂઽૈ
 ࠿ ઝશહ ࡴ ࠛ
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%FࡵOJUJPO ��� 	*OEVDUJWF *OWBSJBOU PG 1$1
� " TFU ત ૂ૊ UIBU TBUJTहFT UIF GPMMPXJOH UISFF DPOEJ�
UJPOT JT DBMMFE BO JOEVDUJWF JOWBSJBOU 	TJNQMZ JOWBSJBOU
�

ۨ ત ૂઽૈ ࢚ ત ૂ૊
ۨ ત ૂ૊ JT DMPTFE VOEFS ય� ય 	ત ૂ૊
 ࢚ ત ૂ૊
ۨ ત ૂ૊ EPFT OPU JODMVEF ൤� ઝશહ ࠿ ત ૂ૊ � ࠛ

-FNNB ���� *G ત ૂ૊ FYJTUT
 UIFO JU JNQMJFT UIBU ઝશહ JT VOSFBDIBCMF GSPN JOJUJBM TUBUFT�

*O UIF GPMMPXJOH TFDUJPO
 XF JOUSPEVDF BMHPSJUINT UP EJTDPWFS ત ૂ૊�
���� "MHPSJUIN

'PS UIF 3FBDIBCJMJUZ 1SPCMFN
 NBOZ QPXFSGVM BMHPSJUINT MJLF 1%3 	1SPQFSUZ %JSFDUFE 3FBDIB�
CJMJUZ
<�> FYJTU� 8F FYUFOEFE 1%3 BOE BDIJFWFE TPNF TVDDFTT 	TFF 4FDUJPO �
� 8F BMTP EFWJTFE B
OPWFM BE�IPD NFUIPE TQFDJहD UP 1$1
 EFTDSJCFE CFMPX�

%FࡵOJUJPO ��� 	$POहHVSBUJPO "VUPNBUPO
� -FU ે ࠞ \UPQ
 CPUUPN^ BOE જ CF B हOJUF BVUPNBUPO
PWFS ͍� 8F DBMM UIF QBJS 	ે
 જ
 UIF DPOहHVSBUJPO BVUPNBUPO� 5IF MBOHVBHF PG 	T
 "
 JT EFOPUFE BTધ	ે
 જ
 BOE EFहOFE BT GPMMPXT� 5IJT SFQSFTFOUT B TUBUF TFU PG UIF USBOTJUJPO TZTUFN�ધ	ે
 જ
 � \	ે
 ો
 ࠹ ો ࠞ ધ	જ
^

5IF BJN PG UIJT BMHPSJUIN JT UP EJTDPWFS B QBJS PG DPOहHVSBUJPO BVUPNBUB 	GPS UPQ BOE CPUUPN

UIBU SFQSFTFOUT ત ૂ૊� *U TIPVME CF OPUFE UIBU OPU FWFSZ ત ૂ૊ IBT TVDI B QBJS EVF UP UIF SFHVMBSJUZ
PG UIF VOEFSMZJOH BVUPNBUB
 XIJDI MJNJUT UIF TDPQF PG PVS DPOTJEFSBUJPO�

5IJT BMHPSJUIN NBOBHFT B HSBQI ઢ � 	઱ 
 ઠ
 XIFSF FBDI OPEF JT B DPOहHVSBUJPO BVUPNBUPO�
4QFDJहDBMMZ
 FBDI OPEF ૊ JT BTTPDJBUFE XJUI B TFU PG TUBUFT PG B USBOTJUJPO TZTUFN� 5IF BMHPSJUIN
QSPDFFET CZ FYQBOEJOH UIF PWFSBMM VOJPO ધ	઱ 
 � ࣍૊ ધ	૊
 VOUJM JU CFDPNFT BO JOWBSJBOU�

*OUVJUJWFMZ
 UIF FEHF 	ૉ
 ૊
 JO UIJT HSBQI SFQSFTFOUT B EFQFOEFODZ SFMBUJPOTIJQ� 5IJT SFMBUJPO�
TIJQ NFBOT ۢJG ૊ DBOOPU SFBDI ઝશહ
 UIFO ૉ DBOOPU SFBDI ઝશહ FJUIFS �ۣ *G XF DBO DPOTUSVDU B HSBQI
XIFSF FWFSZ OPEF IBT TVDI EFQFOEFODJFT BOE EPFT OPU DPOUBJO BOZ CBE TUBUF
 UIFO ધ	઱ 
 JT BO
JOWBSJBOU� 5IFSF BSF UXP UZQFT PG UIJT SFMBUJPO
 BT GPMMPXT�

�� *ODMVTJPO SFMBUJPO� ધ	ૉ
 ࢞ ધ	૊

�� 5SBOTJUJPO SFMBUJPO� ય 	ધ	ૉ

 � ધ	૊

5IF BMHPSJUIN JT FTTFOUJBMMZ B CSFBEUI�हSTU TFBSDI 	#'4
� 8IFO DPOTJEFSJOH POMZ UIF USBOTJUJPO

SFMBUJPO
 UIF QSPDFTT PQFSBUFT TJNJMBSMZ UP #'4� " EJTUJODUJWF GFBUVSF PG UIJT BMHPSJUIN JT UIBU
JU QSPBDUJWFMZ BCTUSBDUT OPEFT� 'PS FYBNQMF
 XIFO B OPEF TVDI BT 	UPQ
 �������
 BQQFBST
 UIF
BMHPSJUIN BUUFNQUT UP DSFBUF B OPEF MJLF 	UPQ
 �࠭����࠭
 	XF VTF B SFHFY UP SFQSFTFOU BO BVUPNBUPO

BOE ESBX BO FEHF UP JU� *G UIJT BCTUSBDUFE OPEF DBO SFBDI ઝશહ
 JU JT SFNPWFE BOE CBDLUSBDLJOH JT
QFSGPSNFE�

'JHVSF � TIPXT B TVDDFTTGVM FYFDVUJPO FYBNQMF GPS ����
�

�
��

�
����

� 5IF TRVBSF OPEFT

SFQSFTFOU OPEFT XJUI TJOHMFUPO MBOHVBHFT
 BOE UIF SPVOE OPEFT BSF BCTUSBDUFE OPEFT XJUI
SFHVMBS FYQSFTTJPOT BQQFBSJOH JO UIFJS MBCFMT� 5IF EPUUFE MJOFT SFQSFTFOU JODMVTJPO SFMBUJPOT
 BOE
UIF TPMJE MJOFT SFQSFTFOU USBOTJUJPO SFMBUJPOT� /PUF UIBU JO UIJT हHVSF
 UIF USBOTJUJPO SFMBUJPOT BSF
FYUFOEFE UP ૂ 	XIFSF ૂ ࡹ �
 TUFQT
 XJUI JOUFSNFEJBUF TUFQT PNJUUFE�
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top,.*0.*

top,.*1.*

bottom,00

top,.*00.*

top,1
bottom,11001100

bottom,.*0110.*

bottom,100
bottom,001100

bottom,11 bottom,11100

top,111

'JHVSF �� &YBNQMF PG (SBQI PG *OWBSJBOU

�� $FSUJॳJDBUF (FOFSBUJPO

4P GBS
 XF IBWF QSFTFOUFE UXP NFUIPET BOE DPNQMJDBUFE BMHPSJUINT� )PXFWFS
 UIFSF JT B
TJHOJहDBOU QPTTJCJMJUZ UIBU NZ JNQMFNFOUBUJPOT GPS UIFTF BMHPSJUINT NBZ DPOUBJO CVHT� &WFO
JG XF TVDDFTTGVMMZ TPMWF BMM JOTUBODFT PG 1$1<�
�>
 PVS SFTVMUT XPVME TUJMM CF GBS GSPN CFJOH
DPOTJEFSFE USVTUFE GBDUT� 5IFSFGPSF
 XF EFDJEFE UP IBWF PVS BMHPSJUIN PVUQVU QSPPGT JO UIF GPSN
PG *TBCFMMF�)0- DPEF�

"OPUIFS QPTTJCMF BQQSPBDI JT UP VTF *TBCFMMF�)0- PS TJNJMBS UPPMT UP WFSJGZ UIF DPSSFDUOFTT PG
UIF BMHPSJUIN۟T JNQMFNFOUBUJPO� )PXFWFS
 UIJT NBLFT JU EJऻDVMU UP PQUJNJ[F UIF BMHPSJUIN GPS
TQFFE� 'PS JOTUBODF
 5IF हSTU NFUIPE SFMJFT PO BO FYUFSOBM .*1 TPMWFS GPS JUT FऻDJFODZ
 NBLJOH
JU DIBMMFOHJOH� "EEJUJPOBMMZ
 GPS PUIFST UP RVJDLMZ USVTU PVS SFTVMUT
 JU JT DSVDJBM UIBU BMM JOTUBODFT
PG ફઞફ<�
 �> BOE UIFJS QSPPGT BSF PSHBOJ[FE BOE WFSJहFE XJUIJO TPNF QSPPG BTTJTUBOU TVDI BT
*TBCFMMF�)0-�

$VSSFOUMZ
 POMZ UIF TFDPOE NFUIPE JT DBQBCMF PG PVUQVUUJOH B DFSUJहDBUF� 5IF हSTU NFUIPE
XJMM CF BEESFTTFE BT GVUVSF XPSL 	TFF 4FDUJPO �
�

���� $FSUJॳJDBUF� 1BJS PG "VUPNBUB

$POTJEFS UIF USBOTJUJPO TZTUFN PG B 1$1 JOTUBODF� #Z EFहOJOH UIF JOWBSJBOU DPODSFUFMZ JO
*TBCFMMF�)0- BOE QSPWJOH FBDI PG UIF JOWBSJBOU DPOEJUJPOT 	TFF %FहOJUJPO ���

 XF DBO WBMJEBUF
JU� 5IJT NFUIPE JT JOEFQFOEFOU PG UIF JNQMFNFOUBUJPO EFUBJMT VTFE JO UIF TFDPOE NFUIPE BOE
DBO CF VUJMJ[FE CZ WBSJPVT BMHPSJUINT EJTDPWFSJOH JOWBSJBOUT�

0VS JNQMFNFOUBUJPO PG UIF TFDPOE NFUIPE HFOFSBUFT UIF GPMMPXJOH DPEF�

�� %FहOJUJPO PG UIF 1$1 JOTUBODF
�� %FहOJUJPO PG ત ૂ૊

B
 5IF UPQ�TJEF "VUPNBUPO
C
 5IF CPUUPN�TJEF "VUPNBUPO

�� 1SPPG PG UIF DMPTFEOFTT PG ત ૂ૊
B
 %FहOJUJPO PG ય 	ત ૂ૊
 	JO UIF GPSN PG B TQFDJहD QBJS PG EFUFSNJOJTUJD BVUPNBUB
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C
 $PODSFUF EFहOJUJPO PG UIF BVUPNBUPO GPS ત ૂ૊ ࠿ ય 	ત ૂ૊

D
 1SPPG PG ત ૂ૊ ࠿ ય 	ત ૂ૊
 � ࠛ
E
 1SPPG PG ત ૂ૊ ࠿ ય 	ત ૂ૊
 TJNJMBSMZ
 BOE TIPX UIBU ય 	ત ૂ૊
 ࢚ ત ૂ૊

1SPPGT TVDI BT ۢUIF FYJTUFODF PG ત ૂ૊ JNQMJFT UIBU UIF 1$1 IBT OP TPMVUJPOۣ XFSF DPOEVDUFE
NBOVBMMZ JO BEWBODF� &YBNQMFT PG DPNQMFUF QSPPGT BSF GPVOE PO UIF BVUIPS۟T (JU)VC SFQPTJ�
UPSZ <�>�

�� "QQMJDBUJPO UP 1$1<�
�>

*O UIJT SFTFBSDI
 XF BEESFTT UIF JOTUBODFT PG 1$1<�
�>� -JOH ;IBP 	����
 <�> BUUFNQUFE UP TPMWF BMM
UIFTF JOTUBODFT CVU MF॑ �
��� VOTPMWFE� 5IF MJTU PG UIFTF JOTUBODFT JT BWBJMBCMF PO IJT XFCTJUF <�>�
0VS HPBM XBT UP TPMWF BMM JOTUBODFT PG 1$1<�
�>
 HSBEVBMMZ SFEVDJOH UIF OVNCFS PG VOTPMWFE
QSPCMFNT� "T TIPXO JO 'JHVSF �
 UIF JOJUJBM �
��� VOTPMWFE QSPCMFNT XFSF SFEVDFE UP ��� VTJOH
UIF हSTU NFUIPE� "॑FS TFWFSBM BEEJUJPOBM NFUIPET
 POMZ �� QSPCMFNT SFNBJOFE VOTPMWFE� 5IFTF
SFNBJOJOH QSPCMFNT BSF MJTUFE PO UIF BVUIPS۟T XFCTJUF <�>�

1%3
 4"5
 .FUIPE�	�

 BOE .FUIPE�	�
 BSF UFDIOJRVFT GPS EJTDPWFSJOH ત ૂ૊� $FSUJहDBUF HFOFS�
BUJPO JT JNQMFNFOUFE GPS UIPTF NFUIPET� 5IF NFUIPE 4"5 VTFT B 4"5 TPMWFS UP EJTDPWFS ત ૂ૊

XIJMF .FUIPE�	�
 BOE .FUIPE�	�
 EJसFS JO UIFJS BCTUSBDUJPO NFUIPET�

���� DBTFT ��� DBTFT �� DBTFT

�� DBTFT �� DBTFT �� DBTFT

.FUIPE � 1%3

4"5 .FUIPE �	�
 .FUIPE �	�


'JHVSF �� +PVSOFZ PG 4PMWJOH 1$1<�
�>

�� $PODMVTJPO BOE 'VUVSF 8PSL

8F IBWF CFFO XPSLJOH GPS B DPNQMFUF SFTPMVUJPO PG 1$1<�
�> BOE DBNF DMPTF
 XJUI POMZ ��
JOTUBODFT SFNBJOJOH VOTPMWFE� 5P IBWF UIFTF SFTVMUT BDDFQUFE BT USVTUFE GBDUT
 XF BMTP BJN UP
QSPWJEF GPSNBM QSPPGT VTJOH *TBCFMMF�)0- GPS FBDI JOTUBODF
 XIJDI IBT CFFO BDIJFWFE GPS UIF
TFDPOE NFUIPE� "MUIPVHI CPUI HPBMT BSF ZFU UP CF GVMMZ BDIJFWFE
 XF CFMJFWF UIFZ BSF BUUBJOBCMF
BT PVUMJOFE CFMPX�

5P TPMWF UIF SFNBJOJOH �� QSPCMFNT
 XF DPOTJEFS UXP QPTTJCJMJUJFT� 0OF JT UP TPMWF UIFTF
JOTUBODFT NBOVBMMZ� 8F QSFEJDU UIBU NPTU PG UIF �� QSPCMFNT EP OPU IBWF TPMVUJPOT
 BOE QSPWJEJOH
BE�IPD QSPPGT CZ IVNBOT NJHIU CF UIF RVJDLFTU XBZ� 5IF PUIFS QPTTJCJMJUZ JOWPMWFT EFWJTJOH
OFX WBSJBOUT PG UIF NFUIPET JO UIJT QBQFS PS JOWFTUJOH BEEJUJPOBM DPNQVUBUJPOBM SFTPVSDFT�
4JODF UIF NBOVBM BQQSPBDI DBO BMTP IFMQ HBJO EFFQFS JOTJHIUT JOUP JOEJWJEVBM JOTUBODFT BOE 1$1
JUTFMG
 XF XPVME MJLF UP हSTU BJN GPS NBOVBM SFTPMVUJPO�

(FOFSBUJOH DFSUJहDBUFT GPS UIF हSTU NFUIPE JT DIBMMFOHJOH CFDBVTF JU VTFT BO FYUFSOBM .JYFE
*OUFHFS 1SPHSBNNJOH 	.*1
 TPMWFS BT B TVCSPVUJOF� (FOFSBUJOH B DFSUJहDBUF GPS UIF GFBTJCJMJUZ
PG BO .*1 JT TUSBJHIUGPSXBSE
 BT JU NFSFMZ SFRVJSFT QSPWJEJOH B TQFDJहD TPMVUJPO� )PXFWFS
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HFOFSBUJOH B DFSUJहDBUF GPS JOGFBTJCJMJUZ JT NPSF EJऻDVMU� $IFVOH FU BM� 	����
 <�> FYUFOEFE UIF
FYJTUJOH .*1 TPMWFS 4$*1 UP PVUQVU FBTJMZ WFSJहBCMF DFSUJहDBUFT JO UIFJS PXO GPSNBU� 8F CFMJFWF
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A Stable Computation of Multivariarte Apporximate GCD
Based on SVD and Li�ing Technique
Masaru Sanuki1,⇤,†
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Abstract
For univariate polynomials, the approximate GCD can be obtained by computing the null space of the subresultant
matrix of given polynomials. In this study, for multivariate polynomials, we propose a method for computing null
space of the subresultant matrix within polynomials stably and e�ciently, which is based on the SVD (singular
value decomposition) and lifting techniques. Therefore, we show the multivariate approximate GCD can be also
computed by using subresultant matrix. In addition, we describe an ill-conditioned case (initial factors have
approximate common factor) and solve them.

Keywords
Approximate GCD, Lifting technique, Ill-conditioned cases

1. Preliminaries

Let F (x, t) and G(x, t) be multivariate polynomials in F[x, t1, . . . , t`] = F[x, t] (x is the main variable
and t = (t1, . . . , t`) are sub-variables), and be expressed as

F (x, t) = F̃ (x, t)C(x, t) +�F = fm(t)xm + . . .+ f0(t),

G(x, t) = G̃(x, t)C(x, t) +�G = gn(t)x
n + . . .+ g0(t).

Here, F̃ , G̃, C,�F ,�G are polynomials in F[x, t], and when ||�F || ⌧ ||F || and ||�G|| ⌧ ||G||, C is
called an approximate factor of F and G. In particular, the approximate factor of maximum degree is
called approximate GCD, which is denoted by gcd(F,G).
Various algorithm exist for the approximate GCD of univariate polynomials. However, there are

few stable all-purpose methods for a large number of variables in a multivariate case. Numerical-
based methods are stable but signi�cantly less e�cient, so we have tried to improve e�ciency by
combining lifting methods [4]. In this study, we challenge the stable computation of the null space of
the subresultant within polynomial entries.

First, we review the method for the subresultant matrix for multivariate polynomials. For the resultant
within polynomials, we propose a QRGCD-like method over truncated power-series polynomials, it
is e�cient [5]. For the null space of the subresultant matrix, Gao et al. and Zeng-Dayton proposed
SVD-based methods for numeric matrices at the same conference [2, 7], where the SVD is the singular
value decomposition for matrix. These matrices are sparse and the size are also huge extremely although
the degree of given polynomial is not large. Lifting techniques is known for solving of equation modulo
an ideal I and lifting them to solution modulo I

2
, I

3
, . . . in order to get the ideal adic completion.

Here I is an ideal as I = ht1 � s1, . . . , t` � s`i with (s1, . . . , s`) 2 F` (in this paper, (s1, . . . , s`) is the
origin). For multivariate GCD computation, the EZ-GCD method is well-known lifting method based
on Hensel’s lemma, however, its approximate computation will be unstable when initial factors have an
approximate common factor [8].

In this paper, we propose a stable multivariate approximate GCD computation, which is based on the
SVD and lifting techniques. It is able to compute the approximate GCD even though initial factors have
approximate common factors.
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2. Framework of algorithm

In this paper, we discuss non-singular case only, i.e., F (x, 0) ·G(x, 0) 6= 0 and fm(0) · gn(0) 6= 0. For
non-singular case, every polynomial P (x, t) is transform to P (x, T, t) = P (x, T t1, . . . , T t`), with T

is the total-degree variable. Every polynomial P (x, T, t) is represented as the sum of homogeneous
polynomials w.r.t. the total-degree variable T ;

P (x, T, t) = P
(0)(x) + T · �P (1)(x, t) + . . .+ T

w · �P (w)(x, t) + . . . ,

P
(w)(x, T, t) = P

(0)(x) + T · �P (1)(x, t) + . . .+ T
w · �P (w)(x, t).

In non-singular case, the following two conditions exist: deg(gcd(F,G))  deg(gcd(F (0)
, G

(0)))
and gcd(F,G)|gcd(F (0)

, G
(0)). In such situations, lifting algorithms can be applied. The proposed

algorithm is discussed in the next section.

2.1. Computing cofactors of F and G via li�ing method

Let Si(F,G) = Si 2 F[t, T ](m+n�2i)⇥(m+n�2i) be an ith-subresultant matrix of F and G w.r.t. x, and
be represented as

Si =

0

BBBBBB@

fm gn
...

. . .
...

. . .
fm�n�k fm gn�m�k gn

...
. . .

...
...

. . .
...

fm�n�k gn�m�k

1

CCCCCCA

= S(0)
i + T · �S(1)

i + . . .+ T
w · �S(w)

i + . . . ,

where S(0)
i = �S(0)

i 2 F(m+n�2i)⇥(m+n�2i) and �S(w)
i 2 F[t](m+n�2i)⇥(m+n�2i) for w � 1.

When k = deg(gcd(F,G)) = deg(gcd(F (0)
, G

(0))), it is well-known as the null space of Sk�1

corresponds to G̃ and F̃ , and rank(Sk�1) = K � 1 whereK = m� (k � 1) + n� (k � 1).

computation of cofactors for univariate part: SVD

Cofactors of F (0) and G
(0) can be obtained from the null space of S(0)

k�1. In this paper, we compute the

null space of S(0)
k�1 using the SVD [1]. Using the SVD of S(0)

k�1, we obtain the following decomposition:

S(0)
k�1 = U⌃V T =

�
u1 · · · uK

�
0

B@
�1

. . .
�K

1

CA

0

B@
vT
1
...

vT
K

1

CA ,

where K = m� (k � 1) + n� (k � 1), U and V are orthogonal matrices, and �i are singular vectors
with �1 � �2 � . . . � �K�1 � �K � 0, respectively. Then, vK 2 Ker(S(0)

k�1), and it is one of the

solutions of S(0
k�1z = 0 is z = r(0) = vK ;

vK =

0

BBBBBBBB@

g̃
(0)
n�k

g̃
(0)
0

�f̃
(0)
m�k

�f̃
(0)
0

1

CCCCCCCCA

, with ||vK ||2 = 1.
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Computation of cofactors for multivariate part: li�ing method

Suppose we have r(w) = r(w�1)+�r(w). Here, �r(w) is a vector generated by homogenious polynomials
with total-degree w w.r.t. T . Then, �r(w+1) is generated as follows. Note that the following consists.

Sk�1r
(w+1) ⌘ 0 (mod T

w+2)

S(0)
k�1�r

(w+1) = �
w+1X

j=1

S(j)
k�1�r

(w�j) = �p(w)
.

Now, �r(w+1) and �p(w+1) are transformed bases from e1, . . . , eK to v1, . . . ,vK and u1, . . . ,uK ,
respectively, as follows:

�z(w) =

0

B@
�z

(w)
1
...

�z
(w)
K

1

CA = �ẑ
(w)
1 v1 + . . .+ �ẑ

(w)
K vK , �p(w) =

0

B@
�p

(w)
1
...

�p
(w)
K

1

CA = �p̂
(w)
1 u1 + . . .+ �p̂

(w)
N uK .

Then, we obtain �ẑ
(w+1)
i = �p̂

(w+1)
i /�i (i = 1, . . . ,K � 1). Therefore, �r(w+1) is constructed, as

follows.

�r(w+1) = �p̂
(1)
1 /�1v1 + . . .+ �p̂

(1)
K�1/�K�1vK�1 + F[T, t]w+1 · vK ,

where F[T, t]w+1 is homogeneous polynomial set with total-degree w + 1 w.r.t. T , and we have the
following as a candidate solution.

r(w) = tK +
wX

j=1

�p̂
(w)
1 /�1v1 + . . .+

wX

j=1

�p̂
(w)
K�1/�K�1vK�1 + F[T, t][1,w] · vK ,

where F[T, t][1,w] = [w
j=1F[T, t]j . To compute the approximate GCD of F andG, we need to determine

q
(w) = �q

(1) + . . .+ �q(w) 2 F[T, t][1,w] s.t.

r(w)(q) = tK +
wX

j=1

�p̂
(w)
1 /�1v1 + . . .+

wX

j=1

�p̂
(w)
K�1/�K�1vK�1 + q

(w) · vK ,

To determine the approximate GCD, we must determine q
(i). The following example shows one

approach to determining each undetermined element �q(i) for 1  i  w..

Example1

Polynomials F (x, t1, t2) and G(x, t1, t2) having an approximate GCD C(x, t1, t2) = x
3 + (1 + t2 �

2t1 + t1
2)x+ 3 are expressed as

F (x, t1, t2) = (x3 + (t2
2 + t1 + t1 � 2)x2 � 1)⇥ C(x, t1, t2) +Meps,

G(x, t1, t2) = (x3 + (2t2
2 � t1 + 3)x2 � 1)⇥ C(x, t1, t2) +Meps,

whereMeps is the machine epsilon.
In this example, k = 2 is already known (K = 8). Then, one solution of S(0)

1 z = 0 is z = r(0) = v8;

r(0) = v8 =

0

BBBBBBBBBB@

�0.242535625036333
�0.727606875108999

�2.24840273230668⇥ 10�15

0.242535625036333
0.242535625036333
�0.485071250072665

�1.32375311946987⇥ 10�15

�0.242535625036333

1

CCCCCCCCCCA

.
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A candidate of �r(1)|�q(1)=0 = �p̂
(1)
1 /�1v1 + . . .+ �p̂

(1)
7 /�7v7 + �q

(1) ⇥ v8 is

�z(1) =

0

BBBBBBBBBB@

0.0713340073 · · · t1 + 0.0285336029 · · · t2
�0.0285336029 · · · t1 + 0.0856008088 · · · t2

3.65419500 · · ·⇥ 10�15
t1 � 4.96824803 · · ·⇥ 10�15

t2

�0.0713340073 · · · t1 � 0.0285336029 · · · t2
�0.0713340073 · · · t1 � 0.0285336029 · · · t2
�0.0998676103 · · · t1 � 0.185468419 · · · t2

4.77577504 · · ·⇥ 10�16
t1 � 1.10469359 · · ·⇥ 10�15

t2

0.0713340073 · · · t1 + 0.0285336029 · · · t2

1

CCCCCCCCCCA

+ �q
(1) · v8 =

0

BBBBBBBBBBBBBB@

�g̃
(1)
n�k

�g̃
(1)
n�k�1
...

�g̃
(1)
0

��f
(1)
m�k

��f
(1)
m�k�1
...

��f
(1)
0

1

CCCCCCCCCCCCCCA

.

Generally, it is di�cult to determine �q(1) properly.
However, assuming that cofactors are also not dense or the approximate GCD is monic, sev-

eral coe�cients will be zero. In this example, assume the 1st element is zero, �q(1) is �q
(1)
1 =

(0.0713340073636269 t1 + 0.0285336029454512 t2)/0.242535625036333 and �r(1) becomes

0

BBBBBBBBBB@

0
0.242535625036331t1

0
0
0

�0.242535625036331t1 � 0.242535625036334t2
0
0

1

CCCCCCCCCCA

.

It is unlikely that many factors will be close to zero simultaneously, and this can only happen if the result
is correct. Unlike the EZ-GCD method, it is more e�cient because it can extract each undetermined
coe�cient at each lifting step. So that, “check zeros” is very e�ciency.

If the coe�cients are dense, lc(lc(F ), lc(G)) or lc(lc(gcd(F,G))) should be calculated in advance so
that the elements can be determined uniquely.

2.2. Computing approximate GCD

After obtaining cofactors, the approximate GCD is computed by solving and F =
(fm, fm�1, . . . , f0)T 2 F[t]m+1.

0

BBBBBB@

f̃m�k
...

. . .
f̃0 f̃m�k

. . .
...
f̃0

1

CCCCCCA

0

BBB@

ck

ck�1
...
c0

1

CCCA
=

0

BBB@

fm

fm�1
...
f0

1

CCCA

This linear equation is solve as following step.

1. Solve C(0)
m+1,k+1(F̃ ) · c(0) = F (0). Actually, we utilize the SVD as in the former case.

2. Lifting step: solve C(0)
m+1,k+1(F̃ ) · �c(w) = �F (w) �

P
iC

(i)
m+1,k+1(F̃ )⇥ �c(w�i). This step can

also be solved using SVD.
3. Return ckx

k + · · ·+ c0 as an approximate GCD.
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3. Solve in ill-conditioned cases

In this section, we demonstrate that our method is stable for ill-conditioned cases [8, 5]. On the other
word, we deals with cases where the initial factor is an approximate common factor. In this case, the
EZ-GCD method is unstable since large cancellation errors occur [6].

Example 2 (initial factors have approximate common factor)

Compute the approximate GCD of F and G, where both polynomials are monic.

F (x, t1, t2) = (x3 + (t2
2 + t1 + t2 � 2)x2 � 1)(x� 1.0003 + 2t2 � t1

2)C +Meps,

G(x, t1, t2) = (x3 + (2t2
2 � t1 + 3)x2 � 1)(x� 1.0005 + t1 + t2 + t1t2)C +Meps,

C(x, t1, t2) = x
3 + (1 + t2 � 2t1 + t1

2)x+ 3.

Initial factors F (0) andG(0) have an approximate common factor (x� 1.0002) with tolerance O(10�5).
Sigular values of S(0)

3 (F,G) are 19.8 > 18.3 > 14.5 > 12.8 > 8.2 > 4.4 > 1.1 > 0.6 � 1.5⇥10�5 �
1.1⇥10�16. Because give polynomials are monic, the leading coe�cient of cofactors and the approximate
GCD are also monic, respectively.
When w = 1, Adjusting the 1st element of �r(1) by zK only, we obtained the following.

�r(1) =

0

BBBBBBBBBBBBBB@

0.
�7.25814180424500⇥ 10�8

t1 + 0.176741414005228t2
0.707053518826616t1 + 0.530224242015704t2

�6.96526170074208⇥ 10�14
t1 + 6.29774010718620⇥ 10�14

t2

�0.176741268890038t1 � 0.176741414005196t2
1.42941214420489⇥ 10�15

t1 + 6.38378239159465⇥ 10�16
t2

�0.176741268889989t1 � 0.530224096948041t2
0.176794218725546t1 + 0.883759874841642t2

�1.18932641512970⇥ 10�14
t1 � 7.57727214306669⇥ 10�15

t2

�7.25814328778052⇥ 10�8
t1 + 0.353482755476628t2

1

CCCCCCCCCCCCCCA

The perturbation is ||F̃ (1)
G

(1) � F̃
(1)

G
(1)|| ⇡ O(10�8) ⇡ �K/�K�1. On the other hand, by adjusting

zK�1, we obtained the following, It can be con�rmed that the solution is not accurate; ||F̃ (1)
G

(1) �
F̃

(1)
G

(1)|| ⇡ �K .

0

BBBBBBBBBBBBBB@

0.
�0.1988511825793107t1 � 0.14357803747786974t2
0.11055165805122452t1 � 0.43065120320683287t2

0.0002976768351589665t1 + 0.00047951294108034004t2
0.022318043342197766t1 + 0.14391342019466513t2

�0.7183155936049679⇥ 10�5
t1 � 0.000011570991832604571t2

0.02212670015656562t1 � 0.20987748805445672t2
�0.22096310056080598t1 + 0.243032215144183t2

0.00007010876634662433t1 + 0.00011293475597320968t2
�0.19880976332099576t1 + 0.03323002423516758t2

1

CCCCCCCCCCCCCCA

When w = 2, by lifting step and adjusting the 1st element of �r(2) by zK , we obtained the following
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vector.
0

BBBBBBBBBBBBBB@

0.
0.353120013467623t22 + 0.177466845429488t1t2 � 0.000362979823316206t12

�0.354747432749536t22 + 0.355659122269873t1t2 � 0.177830208344029t12

8.84819995 · · ·⇥ 10�13
t2

2 � 4.59634934 · · ·⇥ 10�12
t1t2 + 1.03052288 · · ·⇥ 10�12

t1
2

0.000362669479650586t22 � 0.177466845422696t1t2 + 0.000362979818887450t12

�9.08967345 · · ·⇥ 10�13
t2

2 � 3.63698827 · · ·⇥ 10�12
t1t2 � 1.36436695 · · ·⇥ 10�12

t1
2

�0.176378671991595t22 � 0.000725503949587463t1t2 + 0.177104321289445t12

�0.177413730546595t22 � 0.352031674994445t1t2 � 0.354208569999507t12

�9.15635622 · · ·⇥ 10�13
t2

2 + 2.71640175 · · ·⇥ 10�12
t1t2 � 1.68760838 · · ·⇥ 10�13

t1
2

�0.000362669478412958t22 + 0.000725503952765407t1t2 � 0.177104321291319t12

1

CCCCCCCCCCCCCCA

Adjusting only vK is not accurate. Therefore, adjusting vK and vK�1 in kerS(0)
k we have the following,

and it obtains the expected solution one . In this case, perturbation becomes ||F̃ (2)
G

(2) � F̃
(2)

G
(2)|| ⇡

�K , it is better.
The SVD is stable even if the matrix is irregular. Thus, the SVD of S(0) is also stable even if initial

factors have an approximate common factor. On the other hand, a lifting method using the Bezout
matrix is unstable since initial matrix is assumed to be regular [4]. Hence, our method is more stable
and e�cient than existing methods.
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"O 0QUJNJ[FE 1BUI 1MBOOJOH PG .BOJQVMBUPS XJUI 4QMJOF
$VSWFT 6TJOH 3FBM VBOUJॳJFSࣅ &MJNJOBUJPO #BTFE PO
$PNQSFIFOTJWF (S¶COFS 4ZTUFNT࣏
:VTVLF 4IJSBUP�
 /BUTVNJ 0LB�
 "LJSB 5FSVJ�
࠭ BOE .BTBIJLP .JLBXB�

�.BTUFSڼT 1SPHSBN JO .BUIFNBUJDT
 (SBEVBUF 4DIPPM PG 4DJFODF BOE 5FDIOPMPHZ
 6OJWFSTJUZ PG 5TVLVCB
 5TVLVCB ��������
 +BQBO
�*OTUJUVUF PG 1VSF BOE "QQMJFE 4DJFODFT
 6OJWFSTJUZ PG 5TVLVCB
 5TVLVCB ��������
 +BQBO
�*OTUJUVUF PG -JCSBSZ
 *OGPSNBUJPO BOE .FEJB 4DJFODF
 6OJWFSTJUZ PG 5TVLVCB
 5TVLVCB ��������
 +BQBO

"CTUSBDU
5IJT QBQFS QSFTFOUT BO BEWBODFE NFUIPE GPS BEESFTTJOH UIF JOWFSTF LJOFNBUJDT BOE PQUJNBM QBUI QMBOOJOH
DIBMMFOHFT JO SPCPU NBOJQVMBUPST� 5IF JOWFSTF LJOFNBUJDT QSPCMFN JOWPMWFT EFUFSNJOJOH UIF KPJOU BOHMFT GPS B
HJWFO QPTJUJPO BOE PSJFOUBUJPO PG UIF FOE�FसFDUPS� 'VSUIFSNPSF
 UIF QBUI QMBOOJOH QSPCMFN TFFLT B USBKFDUPSZ
CFUXFFO UXP QPJOUT� 5SBEJUJPOBM BQQSPBDIFT JO DPNQVUFS BMHFCSB IBWF VUJMJ[FE (S¶COFS CBTJT DPNQVUBUJPOT UP
TPMWF UIFTF QSPCMFNT
 PसFSJOH B HMPCBM TPMVUJPO CVU BU B IJHI DPNQVUBUJPOBM DPTU� 5P PWFSDPNF UIF JTTVF
 UIF
QSFTFOU BVUIPST IBWF QSPQPTFE B OPWFM BQQSPBDI UIBU FNQMPZT UIF $PNQSFIFOTJWF (S¶COFS 4ZTUFN 	$(4
 BOE
$(4�CBTFE RVBOUJहFS FMJNJOBUJPO 	$(4�2&
 NFUIPET UP FऻDJFOUMZ TPMWF UIF JOWFSTF LJOFNBUJDT QSPCMFN BOE
DFSUJGZ UIF FYJTUFODF PG TPMVUJPOT GPS USBKFDUPSZ QMBOOJOH� 5IJT QBQFS FYUFOET UIFTF NFUIPET CZ JODPSQPSBUJOH
TNPPUI DVSWFT WJB DVCJD TQMJOF JOUFSQPMBUJPO GPS QBUI QMBOOJOH BOE PQUJNJ[JOH KPJOU DPOहHVSBUJPOT VTJOH TIPSUFTU
QBUI BMHPSJUINT UP NJOJNJ[F UIF TVN PG KPJOU DPOहHVSBUJPOT BMPOH B USBKFDUPSZ� 5IJT BQQSPBDI TJHOJहDBOUMZ
FOIBODFT UIF NBOJQVMBUPS۟T BCJMJUZ UP OBWJHBUF DPNQMFY QBUIT BOE PQUJNJ[F NPWFNFOU TFRVFODFT�

,FZXPSET
(S¶COFS CBTJT
 $PNQSFIFOTJWF (S¶COFS 4ZTUFNT
 ॕVBOUJहFS &MJNJOBUJPO
 3PCPUJDT
 *OWFSTF LJOFNBUJDT QSPCMFN

1BUI QMBOOJOH
 5SBKFDUPSZ QMBOOJOH

�� *OUSPEVDUJPO

5IJT QBQFS EJTDVTTFT B NFUIPE GPS TPMWJOH UIF JOWFSTF LJOFNBUJDT QSPCMFN BOE UIF PQUJNBM QBUI QMBOOJOH
QSPCMFN GPS B SPCPU NBOJQVMBUPS� " NBOJQVMBUPS JT B SPCPU XJUI MJOLT DPSSFTQPOEJOH UP IVNBO BSNT
BOE KPJOUT DPSSFTQPOEJOH UP IVNBO KPJOUT
 BOE UIF UJQ JT DBMMFE UIF FOE�FसFDUPS� 5IF JOWFSTF LJOFNBUJDT
QSPCMFN GPS NBOJQVMBUPST JT UP हOE UIF BOHMF PG FBDI KPJOU
 HJWFO UIF QPTJUJPO BOE PSJFOUBUJPO PG UIF
FOE�FसFDUPS� 5IF QBUI QMBOOJOH QSPCMFN JT UP हOE B QBUI UP NPWF UIF FOE�FसFDUPS CFUXFFO UXP TQFDJहFE
QPTJUJPOT <�>�
8IFO PQFSBUJOH UIF NBOJQVMBUPS
 POF OFFET UP TPMWF UIF JOWFSTF LJOFNBUJDT QSPCMFN 	PS UIF QBUI

QMBOOJOH QSPCMFN
 SFTQFDUJWFMZ
 GPS UIF EFTJSFE FOE�FसFDUPS QPTJUJPO 	PS UIF TFSJFT PG QPTJUJPOT
 SFTQFD�
UJWFMZ
�

.FUIPET PG TPMWJOH JOWFSTF LJOFNBUJDT QSPCMFNT GPS NBOJQVMBUPST CZ SFEVDJOH UIF JOWFSTF LJOFNBUJDT
QSPCMFN UP B TZTUFN PG QPMZOPNJBM FRVBUJPOT BOE VTJOH UIF (S¶COFS CBTJT IBT CFFO QSPQPTFE <�
 �
 �
 �
 �>�
4PMWJOH UIF JOWFSTF LJOFNBUJDT QSPCMFN VTJOH UIF (S¶COFS CBTJT DPNQVUBUJPO IBT BO BEWBOUBHF UIBU UIF
HMPCBM TPMVUJPO PG UIF JOWFSTF LJOFNBUJDT QSPCMFN DBO CF PCUBJOFE CFGPSF UIF FOE�FसFDUPS XJMM BDUVBMMZ
CF ۢNPWFEۣ CZ TJNVMBUJPO PS PUIFS NFBOT� 0O UIF PUIFS IBOE
 UIF (S¶COFS CBTJT DPNQVUBUJPO IBT
UIF EJTBEWBOUBHF PG SFMBUJWFMZ IJHI DPNQVUBUJPOBM DPTU DPNQBSFE UP MPDBM TPMVUJPO NFUIPET TVDI BT
UIF /FXUPO NFUIPE� 'VSUIFSNPSF
 XIFO TPMWJOH B QBUI QMBOOJOH QSPCMFN VTJOH UIF (S¶COFS CBTJT

4$44 ����� ��UI *OUFSOBUJPOBM 4ZNQPTJVN PO 4ZNCPMJD $PNQVUBUJPO JO 4PࡥXBSF 4DJFODF
 "VHVTU 
��ڶ�� ����
 5PLZP
 +BQBO࣏
5IJT XPSL XBT QBSUJBMMZ TVQQPSUFE CZ +," BOE JUT QSPNPUJPO GVOET GSPN ,&*3*/ 3"$&�࠭$PSSFTQPOEJOH BVUIPS�
£ UFSVJ!NBUI�UTVLVCB�BD�KQ 	"� 5FSVJ
� NJLBXB!TMJT�UTVLVCB�BD�KQ 	.� .JLBXB

ç IUUQT���SFTFBSDINBQ�KQ�BUFSVJ 	"� 5FSVJ
� IUUQT���NJLBXBMBC�PSH� 	.� .JLBXB

Ȉ ������������������� 	"� 5FSVJ
� ������������������� 	.� .JLBXB


i ���� $PQZSJHIU GPS UIJT QBQFS CZ JUT BVUIPST� 6TF QFSNJUUFE VOEFS $SFBUJWF $PNNPOT -JDFOTF "UUSJCVUJPO ��� *OUFSOBUJPOBM 	$$ #: ���
�
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DPNQVUBUJPO
 JU JT OFDFTTBSZ UP TPMWF UIF JOWFSTF LJOFNBUJDT QSPCMFN GPS FBDI QPJOU PO UIF QBUI
 XIJDI
JT FWFO NPSF DPNQVUBUJPOBMMZ FYQFOTJWF�

5IF UIJSE BOE GPVSUI BVUIPST IBWF BMTP QSFWJPVTMZ QSPQPTFE NFUIPET GPS TPMWJOH JOWFSTF LJOFNBUJDT
QSPCMFNT VTJOH (S¶COFS CBTJT DPNQVUBUJPOT <�
 �
 �>� 5IF BVUIPST۟ DPOUSJCVUJPOT JO UIFJS QSFWJPVT XPSL
<�> BSF BT GPMMPXT� 8F IBWF QSPQPTFE B NFUIPE GPS TPMWJOH UIF JOWFSTF LJOFNBUJDT QSPCMFN BOE UIF
USBKFDUPSZ QMBOOJOH QSPCMFN PG B � %FHSFF�0G�'SFFEPN 	%0'
 NBOJQVMBUPS VTJOH UIF $PNQSFIFOTJWF
(S¶COFS 4ZTUFN 	$(4
 <��>� *O UIF QSPQPTFE NFUIPE
 UIF JOWFSTF LJOFNBUJD QSPCMFN IBT CFFO FYQSFTTFE
BT B TZTUFN PG QPMZOPNJBM FRVBUJPOT XJUI UIF DPPSEJOBUFT PG UIF FOE�FसFDUPS BT QBSBNFUFST BOE UIF $(4
JT DBMDVMBUFE JO BEWBODF UP SFEVDF UIF DPTU PG (S¶COFS CBTJT DPNQVUBUJPO GPS FBDI QPJOU PO UIF QBUI� *O
BEEJUJPO
 XF IBWF QSPQPTFE B NFUIPE GPS TPMWJOH UIF JOWFSTF LJOFNBUJDT QSPCMFNT VTJOH UIF $(4�2&
NFUIPE <��>
 XIJDI JT B RVBOUJहFS FMJNJOBUJPO 	2&
 NFUIPE CBTFE PO $(4 DPNQVUBUJPOT
 UP DFSUJGZ UIF
FYJTUFODF PG B 	SFBM
 TPMVUJPO� 'VSUIFSNPSF
 XF IBWF QSPQPTFE B NFUIPE UP DFSUJGZ UIF FYJTUFODF PG B
TPMVUJPO UP UIF XIPMF USBKFDUPSZ QMBOOJOH QSPCMFN VTJOH UIF $(4�2& NFUIPE
 XIFSF UIF QPJOUT PO UIF
USBKFDUPSZ BSF SFQSFTFOUFE CZ QBSBNFUFST�
5IJT QBQFS QSPQPTFT UIF GPMMPXJOH NFUIPE BT BO FYUFOTJPO PG UIF QSFWJPVT XPSL <�>�

�� &YUFOTJPO PG QBUIT VTFE JO QBUI QMBOOJOH QSPCMFNT� XIJMF UIF QSFWJPVT XPSL IBT VTFE TUSBJHIU
MJOFT
 UIJT QBQFS VTFT TNPPUI DVSWFT HFOFSBUFE CZ UIF DVCJD TQMJOF JOUFSQPMBUJPO QBTTJOH UISPVHI
HJWFO QPJOUT� 6TJOH B DVSWFE QBUI BMMPXT VT UP QMBO QBUIT UIBU BWPJE PCTUBDMFT
 GPS FYBNQMF�

�� 0QUJNJ[BUJPO PG UIF KPJOU DPOहHVSBUJPO PCUBJOFE BT UIF TPMVUJPO UP UIF QBUI QMBOOJOH QSPCMFN�
XIFO TPMWJOH UIF QBUI QMBOOJOH QSPCMFN
 UIFSF DBO CF NVMUJQMF TPMVUJPOT UP UIF JOWFSTF LJOFNBUJDT
QSPCMFN BU FBDI QPJOU PO UIF QBUI� *O UIJT DBTF
 UIF RVFTUJPO JT XIJDI PG UIF TPMVUJPOT GPS BEKBDFOU
QPJOUT DBO CF DPOOFDUFE UP NJOJNJ[F UIF TVN PG UIF DPOहHVSBUJPOT PG UIF FOUJSF TFRVFODF PG UIF
KPJOUT� *O UIJT QBQFS
 XF SFEVDF UIJT QSPCMFN UP UIF TIPSUFTU QBUI QSPCMFN PG B XFJHIUFE HSBQI
BOE QSPQPTF B NFUIPE UP DPNQVUF UIF PQUJNBM TFRVFODF PG KPJOU DPOहHVSBUJPOT VTJOH TIPSUFTU
QBUI BMHPSJUINT�

�� 4PMWJOH QBUI QMBOOJOH QSPCMFNT JO ��%0' NBOJQVMBUPST

5IF NBOJQVMBUPS VTFE JO UIJT QBQFS JT NZ$PCPU ��� <��> GSPN &MFQIBOU 3PCPUJDT
 *OD� 	IFSFB॑FS SFGFSSFE
UP TJNQMZ BT ۢNZ$PCPUۣ
� "MUIPVHI NZ$PCPU JT B ��%0' NBOJQVMBUPS
 XF USFBU JU BT B ��%0' NBOJQVMBUPS
CZ PQFSBUJOH POMZ UIF UISFF NBJO KPJOUT VTFE UP NPWF UIF FOE�FसFDUPS XIJMF UIF SFNBJOJOH KPJOUT BSF
हYFE
 EVF UP UIF DPNQVUBUJPOBM DPTUT GPS TPMWJOH UIF JOWFSTF LJOFNBUJD QSPCMFN CZ VTJOH UIF $(4 BOE
UIF $(4�2& NFUIPE�

���� 'PSNVMBUJPO PG UIF GPSXBSE BOE UIF JOWFSTF LJOFNBUJDT QSPCMFNT

'JHVSF � TIPXT UIF DPNQPOFOUT BOE UIF DPPSEJOBUF TZTUFNT PG NZ$PCPU� 5IF GPSXBSE LJOFNBUJDT QSPC�
MFN GPS NZ$PCPU JT EFSJWFE VTJOH UIF NPEJहFE %FOBWJU�)BUFOCFSH DPOWFOUJPO 	IFSFB॑FS BCCSFWJBUFE
BT ۢ%�) DPOWFOUJPOۣ

 XIJDI JT TUBOEBSE JO SPCPUJDT <�>� -FU CF UIF $BSUFTJBO DPPSEJOBUF TZTUFN XJUI
UIF PSJHJO BU UIF NBOJQVMBUPS۟T CBTF
 BOE MFU 	ૌ
 ્ 
 ૎
 CF UIF DPPSEJOBUFT PG UIF FOE�FसFDUPS JO � -FU ઽ CF
UIF DPPSEJOBUF TZTUFN XJUI UIF PSJHJO BU UIF KPJOU ઽ� /PUF UIBU +PJOU � SFQSFTFOUT UIF CBTF BOE +PJOU �
SFQSFTFOUT UIF FOE�FसFDUPS�
-FU ൑�
 ൑�
 ൑� CF UIF DPOहHVSBUJPO PG UIF KPJOUT �
 �
 �
 SFTQFDUJWFMZ
 UP CF PQFSBUFE JO UIJT QBQFS
 BOE

MFU ેઽ � TJO ൑ઽ
 સઽ � DPT ൑ઽ GPS ઽ � �
 �
 �� *O UIF GPMMPXJOH
 GPS B TFU PG QPMZOPNJBMT ડ � \઻�
 ۩ 
 ઻ુ^ 
�સ>ݟ࢖ ે�
 સ�
 ે�
 સ�
 ે�>
 5IF TZTUFN PG QPMZOPNJBM FRVBUJPOT ઻� � ࣯ � ઻ુ � � JT EFOPUFE CZ ડ � �� *O UIJT
DBTF
 UIF JOWFSTF LJOFNBUJDT QSPCMFN JT UP हOE UIF TPMVUJPO સ�
 ે�
 સ�
 ે�
 સ�
 ે� UP UIF TZTUFN PG QPMZOPNJBM

106



'JHVSF �� $PNQPOFOUT BOE UIF DPPSEJOBUF TZTUFNT PG NZ$PCPU�

FRVBUJPOT ડ � � XJUI ડ � \઻�
 ۩ 
 ઻�^
 XIFSF઻� � ��સે�ે�����ࠨ ࠨ �����ે�સ�ે� ࠨ ����ે�ે�ે� � ����ે�સ�સ� ࠨ ࠨ�ે�ે����� ����સ� � ���ૌ
઻� � �����સ�ે�સ� � �����સ�સ�ે� � ����સ�ે�ે� ࠨ ����સ�સ�સ� � �����સ�ેࠨ� ����ે� � ���્
઻� � ������સ�સࠨ � �����ે�ે� ࠨ ����સ�ે� ࠨ ����ે�સ� ࠨ �����સࠨ� ����� � ���૎
઻� � ે�� � સ�� ࠨ �
 ઻� � ે�� � સ�� ࠨ �
 ઻� � ે�� � સ�� ࠨ ��
	�


/PUF UIBU UIF TZTUFN PG FRVBUJPOT ડ � � IBT QBSBNFUFST ૌ
 ્ 
 ૎ JO UIF DPFऻDJFOUT�
8JUI PVS QSFWJPVTMZ QSPQPTFE NFUIPE <�>
 CFGPSF TPMWJOH ડ � �
 XF DBMDVMBUF UIF $(4 PG ਃ઻�
 ۩ 
 ઻�਄�

5IFO
 GPS B HJWFO FOE�FसFDUPS DPPSEJOBUF 	ૌ
 ્ 
 ૎
 � 	ൊ
 ോ
 ൌ 
 ࠞ 
�ݟ EFUFSNJOF UIF GFBTJCJMJUZ PG TVDI B
DPOहHVSBUJPO VTJOH UIF $(4�2& NFUIPE� *G UIF DPOहHVSBUJPO JT GFBTJCMF
 XF TPMWF ડ � � OVNFSJDBMMZ
B॑FS TVCTUJUVUJOH QBSBNFUFST ૌ
 ્ 
 ૎ XJUI ൊ
 ോ
 ൌ
 SFTQFDUJWFMZ
 UP PCUBJO UIF JOWFSTF LJOFNBUJD TPMVUJPO�

���� (FOFSBUJOH USBKFDUPSJFT VTJOH DVCJD TQMJOF JOUFSQPMBUJPO

*O UIF QBUI QMBOOJOH QSPCMFN
 B हOJUF OVNCFS PG QPJOUT UISPVHI XIJDI UIF QBUI QBTTFT BSF HJWFO JO
BEWBODF
 BOE B USBKFDUPSZ JT HFOFSBUFE PO UIF TNPPUI QBUI QBTTJOH UISPVHI UIFTF QPJOUT� *O PVS QSFWJPVT
TUVEZ
 B TUSBJHIU MJOF XBT VTFE BT UIF QBUI
 CVU JO UIJT QBQFS
 B QBUI JT HFOFSBUFE VTJOH DVCJD TQMJOF
JOUFSQPMBUJPO <��>�
-FU 	ૌ�
 ્�
 ૎�

 	ૌ�
 ્�
 ૎�

 	ૌ�
 ્�
 ૎�

 	ૌ�
 ્�
 ૎�
 CF GPVS EJसFSFOU QPJOUT HJWFO JO ��ݟ 'PS ા ��
 �
 �
 DBMDVMBUF B DVSWF ઞા QBTTJOH UISPVHI 	ૌા
 ્ા
 ૎ા
 BOE 	ૌા��
 ્ા��
 ૎ા��
 JO UIF GPSN PG B GVODUJPO	ળા	ે

 ઴ા	ે

 વા	ે

 XJUI ે ࠞ <ા
 ા � �> BT B QBSBNFUFS� *O DVCJD TQMJOF JOUFSQPMBUJPO
 ળા	ે

 ઴ા	ે

 વા	ે
 BSF

DVCJD QPMZOPNJBMT
 SFTQFDUJWFMZ
 TBUJTGZJOH UIF GPMMPXJOH DPOEJUJPOT�	ળા	ા

 ઴ા	ા

 વા	ા

 � 	ૌા
 ્ા
 ૎ા

 ા � �
 �
 �
	ળા	ા � �

 ઴ા	ા � �

 વા	ા � �

 � 	ૌા��
 ્ા��
 ૎ા��

 ા � �
 �
 �
	ળ ๜ા 	ા � �

 ઴ ๜ા 	ા � �

 વ ๜ા 	ા � �

 � 	ળ ๜ા��	ા � �

 ઴ ๜ા��	ા � �

 વ ๜ા��	ા � �


 ા � �
 �
	ળ๝ા 	ા � �

 ઴๝ા 	ા � �

 વ๝ા 	ા � �

 � 	ળ๝ા��	ા � �

 ઴๝ા��	ા � �

 વ๝ા��	ા � �


 ા � �
 �� 	�
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5BCMF �
5FTU QPJOUT GPS UIF JOWFSTF LJOFNBUJDT QSPCMFN� 5IF VOJU PG UIF DPPSEJOBUFT JT <NN>�

5FTU 	ૌ�
 ્�
 ૎�
 	ૌ�
 ્�
 ૎�
 	ૌ�
 ્�
 ૎�
 	ૌ�
 ્�
 ૎�

� 
���ࠨ	 
���ࠨ ���
 	�
 
���ࠨ ��
 	��
 
���ࠨ ��
 	���
 �
 �

� 
���ࠨ	 
���ࠨ ���
 	�
 
���ࠨ ���
 	���
 
��ࠨ ��
 	���
 ���
 �

� 
���ࠨ	 �
 �
 
���ࠨ	 �
 ��
 
���ࠨ	 ���
 ���
 	���
 ���
 ���

� 	���
 ��
 �
 	��
 ���
 ���
 
���ࠨ	 ���
 ���
 
���ࠨ	 ��
 ��

� 	���
 ���
 
��ࠨ 	��
 ���
 �
 
���ࠨ	 ���
 ��
 
���ࠨ	 
��ࠨ ���

� 	���
 ���
 �
 	��
 ��
 ���
 
��ࠨ	 
��ࠨ ���
 
���ࠨ	 
���ࠨ ��


*O UIJT QBQFS
 JO BEEJUJPO UP UIF DPOEJUJPOT JO FR� 	�

 XF हOE UIF OBUVSBM DVCJD 4QMJOF JOUFSQPMBUJPO UIBU
TBUJTहFT ળ๝� 	�
 � ળ๝� 	�
 � ઴๝� 	�
 � ઴๝� 	�
 � વ๝� 	�
 � વ๝� 	�
 � �� 	�


���� 4PMWJOH UIF JOWFSTF LJOFNBUJDT QSPCMFN

'PS UIF USBKFDUPSZ ઞ PCUBJOFE JO UIF QSFWJPVT TFDUJPO
 XF TPMWF UIF JOWFSTF LJOFNBUJDT QSPCMFN VTJOH
UIF GPMMPXJOH QSPDFEVSF�
'JSTU
 VTJOH UIF $(4�2& NFUIPE
 XF EFUFSNJOF UIF FYJTUFODF PG TPMVUJPOT UP UIF JOWFSTF LJOFNBUJDT

QSPCMFN GPS FBDI DVSWF ઞા 	ા � �
 �
 �
 UIBU DPOTUJUVUFT UIF QBUI UP NPWF UIF FOE�FसFDUPS� *O FR� 	�

 SFQMBDFૌ
 ્ 
 ૎ JO FBDI FRVBUJPO CZ ળા	ે

 ઴ા	ે

 વા	ે

 SFTQFDUJWFMZ
 UP PCUBJO B TZTUFN PG QPMZOPNJBM FRVBUJPOT
XJUI ે BT QBSBNFUFS� -FU ડ ๜ા 	ે
 CF UIF SFTVMU�

/FYU
 XF BQQMZ UIF $(4�2& NFUIPE UP ડ ๜ા 	ે
 UP EFUFSNJOF XIFUIFS UIF TZTUFN PG FRVBUJPOT ડ ๜ા 	ે
 � �
IBT SFBM TPMVUJPOT XJUIJO UIF QBSBNFUFS ે ࠞ <ા
 ા � �>� *G ડ ๜ા 	ે
 � � IBT SFBM TPMVUJPOT XJUIJO UIF QBSBNFUFSે ࠞ <ા
 ા � �> 	J�F�
 XJUIJO ે ࠞ <�
 �> UISPVHIPVU GPS ે

 XF DBMDVMBUF UIF USBKFDUPSZ PG UIF FOE�FसFDUPS۟T
QPTJUJPO GPS UJNF ૈ� -FU ય � �ૉ 	XIFSF ૉ JT B QPTJUJWF JOUFHFS
 BOE
 GPS UJNF ૈ � �
 ۩ 
 ય
 MFU ે � ઻ 	ૈ

XIFSF ઻ JT B DPOUJOVPVT GVODUJPO PG <�
 ય > ި <�
 �>� 5P FOTVSF UIBU UIF FOE�FसFDUPS IBT OP WFMPDJUZ BOE
BDDFMFSBUJPO BU UIF CFHJOOJOH BOE FOE PG UIF USBKFDUPSZ
 XF PCUBJO ઻ BT B QPMZOPNJBM PG UIF TNBMMFTU
EFHSFF QPTTJCMF UP TBUJTGZ ઻ ๜	ૈ
 � ઻ ๝	ૈ
 � � BU ૈ � � BOE ય� 5IFO
 XF PCUBJO ઻ 	ૈ
 � � ๦��ૈ�ય � ࠨ ��ૈ�ય � � ��ૈ�ય � ๧
<��>�

'JOBMMZ
 XF TPMWF UIF JOWFSTF LJOFNBUJDT QSPCMFN ૈ � �
 ۩ 
 ય� 'PS ા � �
 �
 � BOE ૈ � ાૉ
 ۩ 
 	ા � �
ૉ
 UIF
DPOहHVSBUJPO PG UIF KPJOUT JT PCUBJOFE CZ TPMWJOH UIF TZTUFN PG QPMZOPNJBM FRVBUJPOTડ ๜ા 	઻ 	ૈ

 � �� 	�


"TTVNJOH UIBU UIF UJNF SFRVJSFE UP TPMWF UIF JOWFSTF LJOFNBUJDT QSPCMFN 	�
 BU FBDI WBMVF PG ૈ JT DPOTUBOU

UIFO UIF DPNQVUBUJPO UJNF GPS USBKFDUPSZ QMBOOJOH JT FYQFDUFE UP CF QSPQPSUJPOBM UP ય�
������ &YQFSJNFOUBM SFTVMUT

8F IBWF JNQMFNFOUFE UIF BCPWF NFUIPE BOE DPOEVDUFE FYQFSJNFOUT� 5IF JNQMFNFOUBUJPO PG UIF
JOWFSTF LJOFNBUJDT DPNQVUBUJPO XBT QFSGPSNFE BT GPMMPXT� UIF $(4 DPNQVUBUJPO XBT QFSGPSNFE VTJOH
BO BMHPSJUIN CZ ,BQVS FU BM� <��> XJUI UIF JNQMFNFOUBUJPO CZ /BCFTIJNB <��> PO UIF DPNQVUFS BMHFCSB
TZTUFN 3JTB�"TJS <��>� 5IF FYJTUFODF PG UIF SPPU PG UIF JOWFSTF LJOFNBUJDT QSPCMFN CZ UIF $(4�2&
NFUIPE XBT WFSJहFE VTJOH 3JTB�"TJS XJUI BDDPNQBOZJOH 8PMGSBN .BUIFNBUJDB ���� <��> GPS TJNQMJGZJOH
UIF FYQSFTTJPO�

8F IBWF HJWFO UIF TFU PG UFTU QPJOUT BT TIPXO JO 5BCMF �
 XIPTF VOJU PG UIF DPPSEJOBUFT JT <NN>� 5IF
FYQFSJNFOUT XFSF DPOEVDUFE JO UIF GPMMPXJOH FOWJSPONFOU� *OUFM 9FPO 4JMWFS ���� ��� ()[
 3". ���
(#
 -JOVY ,FSOFM �����
 3JTB�"TJS 7FSTJPO ��������
 8PMGSBN .BUIFNBUJDB �����
5BCMF � TIPXT UIF SFTVMUT PG UIF FYQFSJNFOUT GPS ય � �� BOE ય � ��� 5IF DPNQSFIFOTJWF (S¶COFS

TZTUFN GPS FR� 	�
 VTFT QSFDPNQVUFE WBMVFT� *G BOZ QBSU PG UIF HFOFSBUFE TQMJOF GPS UIF HJWFO DPPSEJOBUFT
GBMMT PVUTJEF UIF GFBTJCMF SFHJPO PG NZ$PCPU
 BO FSSPS JT EJTQMBZFE� 5IF BWFSBHF DPNQVUBUJPO UJNF EPFT
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5BCMF �
3FTVMUT PG QBUI QMBOOJOH UJNF JO TFDPOET�

5FTU ય � �� <T> ય � �� <T>
� ����� �����
� ����� �����
� ����� �����
� ����� �����
� ����� �����
� 'BJM 'BJM

"WFSBHF ����� �����

OPU DPOTJEFS UIF DPNQVUBUJPO UJNF PG UFTUT UIBU SFTVMUFE JO BO FSSPS� 5IF FYQFSJNFOUBM SFTVMUT TIPX UIBU
UIF DPNQVUBUJPO UJNF JT DPOTJEFSFE UP CF BQQSPYJNBUFMZ QSPQPSUJPOBM UP ય� *O 5FTU �
 JU BQQFBST UIBU QBSU
PG UIF QBUI FYDFFET UIF GFBTJCMF SFHJPO
 DBVTJOH UIF DPNQVUBUJPO UP UFSNJOBUF XJUI BO FSSPS�

���� 4PMWJOH PQUJNBM QBUI QMBOOJOH QSPCMFN

5IF TZTUFN PG FRVBUJPOT 	�
 NBZ IBWF TFWFSBM EJसFSFOU TPMVUJPOT BU FBDI UJNF ૈ� 'PS UJNF ૈ � �
 ۩ 
 ય

TVQQPTF UIBU UIFSF FYJTU િા
ૈ TPMVUJPOT UP UIF DPOहHVSBUJPO ൑ા PG KPJOU ા 	ા � �
 �
 �
 BU ૈ TVDI UIBU൑	�
ા
ૈ 
 ۩ 
 ൑	િા
ૈ
ા
ૈ � 5IF TVN PG UIF DPOहHVSBUJPO DIBOHFT PG UIF KPJOUT GSPN UJNF ૈ � � UP ય EJसFST EF�

QFOEJOH PO UIF DIPJDF PG UIF TPMVUJPO GSPN ൑	�
ા
ૈ 
 ۩ 
 ൑	િા
ૈ
ા
ૈ BU FBDI UJNF ૈ� *O PSEFS UP NPWF FBDI KPJOU NPSF
TNPPUIMZ
 JU JT EFTJSBCMF UP TFMFDU B TPMVUJPO UIBU NJOJNJ[FT UIF TVN PG UIF DPOहHVSBUJPO DIBOHFT PG
UIF KPJOUT PO UIF QBUI� 'PS UIJT QVSQPTF
 GPS ા � �
 �
 �
 XF EFहOF B XFJHIUFE HSBQI ઢા � 	઱ા
 ઠા

 XIFSF઱ા � \൑	િ
ા
ૈ ࠹ ૈ ࠞ \�
 ۩ 
 ય ^
 િ ࠞ \�
 ۩ 
 િા
ૈ^^ JT UIF TFU PG WFSUJDFT DPSSFTQPOEJOH UP UIF KPJOU DPOहHVSBUJPO

BU FBDI UJNF ૈ
 BOE ઠા � \	൑	િ�
ા
ૈ 
 ൑	િ�
ા
ૈ��
 ࠹ � ࡸ િ�
 િ� ࡸ િા
ૈ
 ૈ ࠞ \�
 ۩ 
 ય ࠨ �^^ JT UIF TFU PG FEHFT DPOOFDUJOH
UIF WFSUJDFT BU BEKBDFOU UJNFT� 5IFO
 JO ઢા
 XF SFEVDF UIF QSPCMFN PG हOEJOH UIF PQUJNBM QBUI UP UIF

POF PG हOEJOH UIF TIPSUFTU QBUI GSPN ൑	િ
ા
� UP ൑	િ
ા
ય � 8F IBWF TPMWFE UIF TIPSUFTU QBUI QSPCMFN VTJOH UIF
GPMMPXJOH NFUIPET�

.FUIPE � 'PS ૈ � �
 ۩ 
 ય ࠨ �
 हOE UIF TFRVFODF PG KPJOU DPOहHVSBUJPOT \൑	િ
ા
ૈ ࠹ ૈ � �
 ۩ 
 ય ^ TBUJTGZJOH
UIF NJOJNVN EJTUBODF CFUXFFO BEKBDFOU KPJOU DPOहHVSBUJPOT TVDI UIBU NJO\]൑	િ�
ા
ૈ ࠨ ൑	િ�
ા
ૈ��] ࠹ � �િࡸ ࡸ િૈ 
િા
ૈ 
 � ࡸ િ� ࡸ િૈ��
િા
ૈ��^�

.FUIPE � *O UIF HSBQI ઢા
 हOE UIF TIPSUFTU QBUI TUBSUJOH BU ൑	િ
ા
� 	િ � �
۩ 
 િા
�
 VTJOH UIF %JKLTUSB
NFUIPE <��>
 UIFO हOE UIF TIPSUFTU QBUI XJUI UIF NJOJNVN MFOHUI BNPOH ઢાT�

5IF BSJUINFUJD DPNQMFYJUZ PG FBDI NFUIPE BCPWF JT FTUJNBUFE BT GPMMPXT� -FU ય CF UIF OVNCFS PG QPJOUT
JO UIF USBKFDUPSZ
 BOE BTTVNF UIBU UIF OVNCFS PG TPMVUJPOT UP UIF JOWFSTF LJOFNBUJDT QSPCMFN BU FBDI
QPJOU JT DPOTUBOU BU હ� 5IF DPNQMFYJUZ PG .FUIPE � JT પ	યહ
� 0O UIF PUIFS IBOE
 UIF DPNQMFYJUZ PG
.FUIPE �
 VTJOH B CJOBSZ IFBQ
 JT FTUJNBUFE UP CF પ	યહ� MPH	ય હ

�
������ &YQFSJNFOUBM SFTVMUT

8F IBWF JNQMFNFOUFE UIF BCPWF NFUIPE BOE DPOEVDUFE FYQFSJNFOUT� 5IF JNQMFNFOUBUJPO PG FBDI
QSPDFEVSF XBT CBTFE PO BO JNQMFNFOUBUJPO <��> JO UIF 1ZUIPO QSPHSBNNJOH MBOHVBHF� 5IF FYQFSJNFOUT
XFSF DPOEVDUFE JO UIF GPMMPXJOH FOWJSPONFOU� " WJSUVBM NBDIJOF XJUI 3". ���� (#
 6CVOUV ������� -54

1ZUIPO ������ PO 7.XBSF 8PSLTUBUJPO �� 1MBZFS
 PO UIF IPTU FOWJSPONFOU XJUI *OUFM $PSF J������(�

3". �� (#
 8JOEPXT �� )PNF�
5IF UFTU QPJOUT BSF DPNQPTFE PG B UPUBM PG ય � �� QPJOUT
 PCUBJOFE CZ EJWJEJOH FBDI TFHNFOU PG UIF

DVCJD TQMJOF DVSWF QBTTJOH UISPVHI FBDI QPJOU JO 5BCMF � JOUP � QBSUT� 5IF OVNCFS PG TPMVUJPOT UP UIF
JOWFSTF LJOFNBUJDT QSPCMFN BU FBDI QPJOU JO FBDI UFTU TFHNFOU JT હ � ��
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5BCMF �
5FTU QPJOUT GPS UIF PQUJNBM QBUI QMBOOJOH QSPCMFN� 5IF VOJU PG UIF DPPSEJOBUFT JT <NN>�
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5BCMF �
5IF TVN PG UIF KPJOU WBSJBUJPOT <SBE>�

5FTU .FUIPE � <SBE> .FUIPE � <SBE>
� ������ ������
� ������� ������
� ������� �������
� ������ ������
� ������ ������

"WFSBHF ������� ������

5BCMF �
$PNQVUJOH UJNF PG UIF PQUJNBM QBUI DPNQVUBUJPO �<�Tࠨ��>

5FTU .FUIPE � <�Tࠨ��> .FUIPE � <�Tࠨ��>
� ���� ����
� ���� ����
� ���� ����
� ���� ����
� ���� ����

"WFSBHF ���� ����

5BCMF � TIPXT UIF TVN PG UIF KPJOU WBSJBUJPOT <SBE>� 'SPN UIF BWFSBHF WBMVFT PG FBDI SFTVMU
 XF TFF
UIBU .FUIPE � 	XJUI UIF %JKLTUSB NFUIPE
 SFEVDFT UIF UPUBM BNPVOU PG KPJOU SPUBUJPO�
5BCMF � TIPXT UIF DPNQVUBUJPO UJNF GPS FBDI NFUIPE� 'SPN UIF BWFSBHF DPNQVUBUJPO UJNFT
 JU

DBO CF TFFO UIBU .FUIPE � JT BQQSPYJNBUFMZ �� UJNFT GBTUFS UIBO .FUIPE �� $PNQBSFE UP UIF PWFSBMM
DPNQVUBUJPO UJNF GPS SPVUF QMBOOJOH TIPXO JO 5BCMF �
 UIF DPNQVUBUJPO UJNF GPS PQUJNBM SPVUF TFMFDUJPO
JT DPOTJEFSFE TVऻDJFOUMZ TIPSU
 FWFO GPS VTJOH .FUIPE � 	%JKLTUSB NFUIPE
�

�� $PODMVEJOH SFNBSLT

8F IBWF QSPQPTFE B NFUIPE GPS USBKFDUPSZ QMBOOJOH PG SPCPU NBOJQVMBUPST VTJOH DPNQVUFS BMHFCSB

XIFSF UIF QBUI JT QSPWJEFE CZ DVCJD TQMJOF JOUFSQPMBUJPO� 'VSUIFSNPSF
 XF IBWF QSPQPTFE B NFUIPE UP
PQUJNJ[F UIF KPJOU DPOहHVSBUJPO PG UIF NBOJQVMBUPS CZ TPMWJOH UIF TIPSUFTU QBUI QSPCMFN JO B XFJHIUFE
HSBQI� 5IF FYQFSJNFOUBM SFTVMUT IBWF TIPXO UIBU UIF QSPQPTFE NFUIPET DBO CF VTFE UP QMBO UIF
USBKFDUPSZ PG UIF NBOJQVMBUPS BOE PQUJNJ[F UIF KPJOU DPOहHVSBUJPO�
'VUVSF XPSL JODMVEFT UIF GPMMPXJOH�

�� 3FHBSEJOH QBUI QMBOOJOH VTJOH DVCJD TQMJOFT
 JU IBT CFFO QPJOUFE PVU UIBU TPNF QBSUT PG UIF
HFOFSBUFE QBUI NBZ EFWJBUF GSPN UIF GFBTJCMF SFHJPO� *O UIF GVUVSF
 JU JT OFDFTTBSZ UP DPOTJEFS
NFUIPET UIBU FOTVSF UIF HFOFSBUFE USBKFDUPSZ TUBZT XJUIJO UIF GFBTJCMF SFHJPO XIJMF NFFUJOH HJWFO
DPOTUSBJOUT
 TVDI BT BWPJEJOH PCTUBDMFT� *O SFTQPOTF UP UIJT
 UIF BVUIPST BSF DVSSFOUMZ QSPQPTJOH B
QBUI�QMBOOJOH NFUIPE UIBU VTFT #©[JFS DVSWFT UP HFOFSBUF USBKFDUPSJFT UIBU SFNBJO XJUIJO UIF
GFBTJCMF SFHJPO <��>�
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�� *OTUFBE PG SFQSFTFOUJOH UIF USBKFDUPSZ PO UIF QBUI
 JU JT EFTJSFE UP FYQSFTT BOZ QPJOU PO UIF QBUI
VTJOH QBSBNFUFST BOE FOTVSF UIF TPMVUJPO UP UIF JOWFSTF LJOFNBUJDT QSPCMFN GPS UIBU QPJOU� 'PS
MJOFBS QBUIT
 B NFUIPE IBT BMSFBEZ CFFO QSPQPTFE CZ UIF BVUIPST <�>
 BOE UIJT XJMM CF FYUFOEFE UP
DVSWFT HJWFO CZ DVCJD TQMJOFT�

�� 3FHBSEJOH PQUJNBM QBUI QMBOOJOH VTJOH TIPSUFTU QBUI DBMDVMBUJPOT PO HSBQIT
 XF IBWF VTFE BO
JNQMFNFOUBUJPO PG %JKLTUSB۟T BMHPSJUIN VTJOH B CJOBSZ IFBQ JO UIJT QBQFS� )PXFWFS
 POF NFUIPE
UP GVSUIFS JNQSPWF DPNQVUBUJPOBM FऻDJFODZ JT UP VTF %JKLTUSB۟T BMHPSJUIN XJUI B 'JCPOBDDJ
IFBQ <��>� 'PS FYBNQMF
 VTJOH BO JNQMFNFOUBUJPO PG %JKLTUSB۟T BMHPSJUIN XJUI B 'JCPOBDDJ IFBQ
DBO CF DPOTJEFSFE UP JNQSPWF DPNQVUBUJPOBM FऻDJFODZ�

�� 5P FYUFOE UIF QSPQPTFE NFUIPE UP B ��%0' NBOJQVMBUPS� "MUIPVHI NZ$PCPU JT PQFSBUFE XJUI
� %FHSFF�0G�'SFFEPN JO UIJT QBQFS
 JU PSJHJOBMMZ IBE � %FHSFF�0G�'SFFEPN
 TP JU JT EFTJSBCMF UP
JNQMFNFOU NFUIPET GPS NPUJPO QMBOOJOH BOE QBUI QMBOOJOH XJUI � %FHSFF�0G�'SFFEPN�

3FGFSFODFT

<�> #� 4JDJMJBOP
 0� ,IBUJC
 4QSJOHFS )BOECPPL PG 3PCPUJDT
 �OE FE�
 4QSJOHFS
 ����� EPJ���������
������������������

<�> +��$� 'BVH¨SF
 +��1� .FSMFU
 '� 3PVJMMJFS
 0O TPMWJOH UIF EJSFDU LJOFNBUJDT QSPCMFN GPS QBSBMMFM SPCPUT

3FTFBSDI 3FQPSU 33�����
 */3*"
 ����� 63-� IUUQT���IBM�JOSJB�GS�JOSJB����������

<�> $� .� ,BMLFS�,BMLNBO
 "O JNQMFNFOUBUJPO PG #VDICFSHFST۟ BMHPSJUINXJUI BQQMJDBUJPOT UP SPCPUJDT

.FDI� .BDI� 5IFPSZ �� 	����
 ���ۙ���� EPJ�����������������9	��
������3�

<�> 4� 3JDBSEP 9BWJFS EB 4JMWB
 -� 4DIOJUNBO
 7� $FTDB 'JMIP
 " 4PMVUJPO PG UIF *OWFSTF ,JOFNBUJDT
1SPCMFN GPS B ��%FHSFFT�PG�'SFFEPN 4FSJBM 3FEVOEBOU .BOJQVMBUPS 6TJOH (S¶COFS #BTFT 5IFPSZ

.BUIFNBUJDBM 1SPCMFNT JO &OHJOFFSJOH ���� 	����
 �������� EPJ����������������������

<�> 5� 6DIJEB
 +� .D1IFF
 5SJBOHVMBSJ[JOH LJOFNBUJD DPOTUSBJOU FRVBUJPOT VTJOH (S¶COFS CBTFT GPS
SFBM�UJNF EZOBNJD TJNVMBUJPO
 .VMUJCPEZ 4ZTUFN %ZOBNJDT �� 	����
 ���ۙ���� EPJ���������
T�����������������

<�> 5� 6DIJEB
 +� .D1IFF
 6TJOH (S¶COFS CBTFT UP HFOFSBUF FऻDJFOU LJOFNBUJD TPMVUJPOT GPS UIF EZOBNJD
TJNVMBUJPO PG NVMUJ�MPPQ NFDIBOJTNT
 .FDI� .BDI� 5IFPSZ �� 	����
 ���ۙ���� EPJ���������K�
NFDINBDIUIFPSZ�������������

<�> /� )PSJHPNF
 "� 5FSVJ
 .� .JLBXB
 " %FTJHO BOE BO *NQMFNFOUBUJPO PG BO *OWFSTF ,JOFNBUJDT $PN�
QVUBUJPO JO 3PCPUJDT 6TJOH (S¶COFS #BTFT
 JO� "� .� #JHBUUJ
 +� $BSFUUF
 +� )� %BWFOQPSU
 .� +PTXJH

5� EF 8PMस 	&ET�

 .BUIFNBUJDBM 4P॑XBSF ۙ *$.4 ����
 4QSJOHFS *OUFSOBUJPOBM 1VCMJTIJOH
 $IBN

����
 QQ� �ۙ��� EPJ��������������������������@��

<�> 4� 0UBLJ
 "� 5FSVJ
 .� .JLBXB
 " %FTJHO BOE BO *NQMFNFOUBUJPO PG BO *OWFSTF ,JOFNBUJDT $PNQV�
UBUJPO JO 3PCPUJDT 6TJOH 3FBM ॕVBOUJहFS &MJNJOBUJPO CBTFE PO $PNQSFIFOTJWF (S¶COFS 4ZTUFNT

1SFQSJOU
 ����� EPJ����������BS9JW�����������
 BS9JW������������

<�> .� :PTIJ[BXB
 "� 5FSVJ
 .� .JLBXB
 *OWFSTF ,JOFNBUJDT BOE 1BUI 1MBOOJOH PG .BOJQVMBUPS 6TJOH
3FBM ॕVBOUJहFS &MJNJOBUJPO #BTFE PO $PNQSFIFOTJWF (S¶COFS 4ZTUFNT
 JO� $PNQVUFS "MHFCSB JO
4DJFOUJहD $PNQVUJOH� $"4$ ����
 WPMVNF ����� PG -FDUVSF /PUFT JO $PNQVUFS 4DJFODF
 4QSJOHFS

����
 QQ� ���ۙ���� EPJ��������������������������@���

<��> 7� 8FJTQGFOOJOH
 $PNQSFIFOTJWF (S¶COFS #BTFT
 +� 4ZNCPMJD $PNQVU� �� 	����
 �ۙ��� EPJ����
��������������	��
������8�

<��> 3� 'VLBTBLV
 )� *XBOF
 :� 4BUP
 3FBM ॕVBOUJहFS &MJNJOBUJPO CZ $PNQVUBUJPO PG $PNQSFIFOTJWF
(S¶COFS 4ZTUFNT
 JO� 1SPDFFEJOHT PG UIF ���� "$. PO *OUFSOBUJPOBM 4ZNQPTJVN PO 4ZNCPMJD BOE
"MHFCSBJD $PNQVUBUJPO
 *44"$ ۟��
 "TTPDJBUJPO GPS $PNQVUJOH .BDIJOFSZ
 /FX :PSL
 /:
 64"

����
 QQ� ���ۙ���� EPJ�������������������������

<��> &MFQIBOU 3PCPUJDT $P�
 -UE�
 NZ$PCPU ��� .�
 ����� 63-� IUUQT���XXX�FMFQIBOUSPCPUJDT�DPN�
NZDPCPU�����N������
 BDDFTTFE �����������

<��> (� 'BSJO
 $VSWFT BOE 4VSGBDFT GPS $"(%� " 1SBDUJDBM (VJEF
 5IF .PSHBO ,BVGNBOO 4FSJFT JO $PN�
QVUFS (SBQIJDT
 �UI FE�
 .PSHBO ,BVGNBOO
 ����� EPJ���������#������������������9�������
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<��> ,� .� -ZODI
 '� $� 1BSL
 .PEFSO 3PCPUJDT� .FDIBOJDT
 1MBOOJOH
 BOE $POUSPM
 $BNCSJEHF 6OJWFSTJUZ
1SFTT
 �����

<��> %� ,BQVS
 :� 4VO
 %� 8BOH
 "O FऻDJFOU NFUIPE GPS DPNQVUJOH DPNQSFIFOTJWF (S¶COFS CBTFT
 +�
4ZNCPMJD $PNQVU �� 	����
 ���ۙ���� EPJ���������K�KTD�������������

<��> ,� /BCFTIJNB
 $(4� B QSPHSBN GPS DPNQVUJOH DPNQSFIFOTJWF (S¶COFS TZTUFNT JO B QPMZOPNJBM SJOH
<DPNQVUFS TP॑XBSF>
 ����� 63-� IUUQT���XXX�ST�UVT�BD�KQ�_OBCFTIJNB�TPGUXBSFT�IUNM
 BDDFTTFE
�����������

<��> .� /PSP
 5� 5BLFTIJNB
 3JTB�"TJS ۚ " $PNQVUFS "MHFCSB 4ZTUFN
 JO� *44"$ ۟��� 1BQFST GSPN UIF
*OUFSOBUJPOBM 4ZNQPTJVN PO 4ZNCPMJD BOE "MHFCSBJD $PNQVUBUJPO
 "TTPDJBUJPO GPS $PNQVUJOH
.BDIJOFSZ
 /FX :PSL
 /:
 64"
 ����
 QQ� ���ۙ���� EPJ�����������������������

<��> 8PMGSBN 3FTFBSDI
 *OD�
 .BUIFNBUJDB
 7FSTJPO ���� <DPNQVUFS TP॑XBSF>
 ����� 63-� IUUQT���XXX�
XPMGSBN�DPN�NBUIFNBUJDB
 BDDFTTFE �����������

<��> &� 8� %JKLTUSB
 " OPUF PO UXP QSPCMFNT JO DPOOFYJPO XJUI HSBQIT
 /VNFS� .BUI� � 	����
 ���ۙ����
EPJ���������#'���������

<��> TJNPOSJUDIJF
 $PNQVUF UIF TIPSUFTU QBUI PG B HSBQI VTJOH %JKLTUSB NFUIPE BOE 1ZUIPO 	JO +BQBOFTF


����� 63-� IUUQT���RJJUB�DPN�TJNPOSJUDIJF�JUFNT����FBF���GD���EB��BG
 BDDFTTFE� �����������

<��> 3� )BUBLFZBNB
 "� 5FSVJ
 .� .JLBXB
 5PXBSET 5SBKFDUPSZ 1MBOOJOH PG B 3PCPU .BOJQVMBUPS XJUI
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Reasoning about the Embedded Shape of a Qualitatively
Represented Curve?

Kazuko Takahashi1

1Kwansei Gakuin University, 1 Gakuen Uegahara, Sanda, Japan

Abstract
This paper addresses the problem of embedding curves, represented qualitatively as sequences of primitive
segments, onto a two-dimensional plane. These primitive segments are directed curved segments with intrinsic
direction and convexity. We de�ne a symbolic expression to each segment, and by connecting these segments, we
can derive a symbolic expression that represents an abstract shape of a smooth continuous curve. There are an
in�nite number of embeddings of the derived curve on a two-dimensional plane, since precise information such as
coordinates are missing. However, for some shape of curves, any embedding forms a spiral, which is undesirable
when the curve represents the boundary of a natural object. We propose a method for judging whether it is
possible to draw a curve not in a spiral form on a two-dimensional plane by checking the segment orientation.

Keywords
qualitative spatial reasoning, curved line, embedding on a plane

1. Introduction

Qualitative Spatial Reasoning (QSR) is a method that gives a symbolic expression to a spatial object or
the relationships between objects, focusing on a speci�c aspect of the spatial data, and that conducts
reasoning on this expression [1, 2, 3]. The approach requires no big data and has less computational
complexity, since it does not treat the numerical data. It also enables reasoning that suits human
recognition. The focused aspects involve relative location, direction, size, distance of objects, the shapes
of an object, and so on. Systems that combine more than one aspect are also proposed.

Previously, we proposed a qualitative representation that describes the outline of a curve as a sequence
of segments [4]. There, we de�ned the connection rule of curved primitive segments to obtain a smooth
continuous curve. On the other hand, there are an in�nite number of embeddings of the obtained curve
on a two-dimensional plane, since precise information such as coordinates are missing. If an embedding
forms a spiral, it is not realistic as a boundary of an object in nature.

In this paper, we discuss whether there exists a way to embed a curve so that it does not form a spiral
and show the judgment method by introducing the reduction rules on the sequence of orientations of a
curve.
This paper is organized as follows. In Section 2, we describe fundamental concepts. In Section 3,

we discuss the embedding of a curve in a qualitative representation on a two-dimensional plane. In
Section 4, we propose the method of judging whether there exists an embedding that does not form a
spiral. In Section 5, we compare our work with the related works. Finally, in Section 6, we show our
concluding remarks.
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2. Fundamental Concepts

Let CURVES be a set of directed curved segments with a unique direction and curvature on a two-
dimensional plane. ForX 2 CURVES , we represent the qualitative shape ofX focusing on its intrinsic
direction and convexity, ignoring the precise size and the exact curvature.
Let Sv = {n, s}, Sh = {e, w}, Conv = {cx, cc} and Dir = Sv [ Sh. The symbols n, s, e and w

indicate the north, south, east and west directions, respectively, and cx and cc indicate convex and
concave, respectively. The direction exactly in the middle between north and south (east and west) is
regarded as either n or s (e or w, resp.). Straight lines are not considered. For X 2 CURVES , X =
(V,H,C) is said to be the qualitative representation of X where V 2 Sv, H 2 Sh and C 2 Conv. V,H
and C show the vertical direction, horizontal direction and the convexity ofX . ForX,Y 2 CURVES ,
let X = (V,H,C) and Y = (V 0

, H
0
, C

0) be qualitative representations ofX and Y , respectively. We
de�ne the relation ⇠ on CURVES as follows: X ⇠ Y i� V = V

0,H = H
0 and C = C

0. Then ⇠ is an
equivalence relation on CURVES . As a result, CURVES is classi�ed into eight equivalence classes
which are jointly exhaustive and pairwise disjoint. We denote the set of these equivalence classes as S ,
that is, S = CURVES/ ⇠. Then,X 2 CURVES is mapped to X 2 S .

In this paper, a smooth continuous curve without a self-intersection is called an scurve. We connect
multiple segments in S to create an scurve.
For X 2 S , its initial and terminal points are indicated by init(X) and term(X), respectively. For

X,Y 2 S , if an scurve is obtained by considering that init(Y ) and term(X) are identical, thenX and
Y are said to be directly connectable, and the outcome of the connection is represented as X · Y . For
X,Y 2 S , if X = Y , then they are directly connectable and the result is regarded as a single segment
without a cusp, since the precise curvatures of X and Y are ignored. When X and Y are directly
connectable, and X 6= Y , the connection of X and Y create in�ection or extremum points via direct
connections.
For X1, . . . , Xn 2 S (n � 2), if for each j such that 1  j  n � 1, Xj and Xj+1 are directly

connectable, then we obtain an scurve by directly connecting Xj and Xj+1, and the outcome of the
connections is represented asX1 · . . . ·Xn. As a result, scurve is a sequence of qualitative representations
of curved segments.
For example, X = (n, e, cx) and Y = (n, e, cc) are directly connectable (Figure 1(a)), and X =

(n, e, cx) and Y = (s, e, cx) are directly connectable (Figure 1(b)). On the other hand, X = (n, e, cx)
and Y = (s, e, cc) are not, since a cusp is created at their connection (Figure 1(c)); but if we insert
Z = (s, e, cx) between X and Y , then we get an scurve X · Z · Y (Figure 1(d)).

(a) (b) (c) (d)

Figure 1: Connection of segments.

3. Embedding on a Two-Dimensional Plane

In the following, ‘embedding ofX ’ means an assignment of oneX 2 CURVES toX 2 S . It is de�ned
as follows:

1. Let X 2 CURVES be a curved segment on a two-dimensional plane of which X 2 S is its
qualitative representation. (Note that there are in�nite number of X’s.) Then X is said to be
an embedding of X . init(X) and term(X) represent the locations of the initial point and the
terminal point ofX on a two-dimensional plane, respectively.
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2. Let X1 · . . . ·Xn be an scurve X1 · . . . ·Xn, andXi (1  i  n) be an embedding of Xi. For all
i such that 1  i  n� 1, if term(Xi) and init(Xi+1) are located in the same position, then
X1 · . . . ·Xn is said to be an embedding of an scurve X1 · . . . ·Xn.

For example, Figure 2 shows two kinds of embeddings of X · Y where X = (n, e, cx) and Y =
(s, e, cx). The relative directions of the locations of term(Y ) regarding init(X) are (n, e) and (s, e)
in Figure 2(a) and Figure 2(b), respectively.
If an embedding of an scurve forms a spiral, it is not desirable, when an scurve corresponds to a

boundary of an actual object. However, there exists an scurve which cannot be drawn in a non-spiral
form, no matter how it is drawn. Here, we introduce a concept of an orientation of an scurve on a
symbolic expression, and discuss the shape of its embedding by checking the orientation. We show
how to determine whether there exists an embedding that does not form a spiral on a two-dimension
plane, for a given scurve. For this purpose, we introduce a concept of open/closed embedding.

For X,Y 2 S , let C be an embedding of an scurve from X to Y on a two-dimensional plane, where
X and Y be embeddings of X and Y , respectively. And C 0 be an in�nite-length curve that is obtained
by extending C in both directions in a manner such that the curvature of X at init(X) and that of Y
at term(Y ) are preserved. If C 0 has a self-intersection point, then the embedding is said to be closed;
otherwise, it is open. Figure 3 shows open (a) and closed (b) embeddings of an scurve X · Z · Y where
X = (n, e, cx), Z = (s, e, cx) and Y = (s, w, cc).

(a) (b)

Figure 2: Di�erent embeddings of X · Y .

(a) (b)

Figure 3: Open/closed embedding of X · Z · Y .

If there is an open embedding of an scurve, then the scurve is said to be admissible. The empty
sequence ✏ is considered to be admissible.

4. Admissibility

4.1. Reduction

For X 2 S , its orientation is de�ned either as clockwise (+) or anti-clockwise (�). Moreover, the
orientation of an scurve is de�ned as a sequence of orientations of the segments that con�gure it.

• For X 2 S ,
orn(X) = 0 + 0 i� X = (n, e, cx), (s, e, cx), (s, w, cc) or (n,w, cc); orn(X) = 0 � 0 i� X =
(s, w, cx), (s, e, cc), (n, e, cc) or (n,w, cx).

• For X1, . . . , Xn 2 S ,
orn(X1 · . . . ·Xn) = orn(X1) . . . orn(Xn).

We de�ne the function inv on the set {+,�} that assigns the opposite orientation: inv(+) = � and
inv(�) = +.

For an scurve p, the di�erence of the numbers of + and � that appear in orn(p) is said to be rotation
di�erence of p.
Some speci�c subsequences in the orientation of an scurve do not a�ect the judgment of its admis-

sibility. We consider a shorter sequence by removing these parts. There are two reduction rules: the
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(a) (b)

Figure 4: Examples in which admissibility is not preserved.

subsequence+�+ (or�+�) is reduced to+ (or�, resp.), and the subsequence++�� (or��++)
is reduced to the empty sequence ✏.
[Reduction rules]
Let �1 and �2 be sequences of orientations and s1, s2, s3, s4 2 {+,�}.

(r1) If s1 = s3 = inv(s2), then �1s1s2s3�2 is reduced to �1s1�2.

(r2) If s1 = s2 = inv(s3) = inv(s4) and ( �1,�2 = ✏ or �1,�2 6= ✏ ), then �1s1s2s3s4�2 is reduced to
�1�2.

For a sequence of orientations �, a sequence of orientations obtained by applying the reduction rules
as far as possible is said to be a reduced form of �.
Note that the condition on �1 and �2 in (r2) are necessary. It means that if only one of �1 and �2

is an empty sequence, then admissibility of p is not always the same with that of p0. We show two
examples that illustrate this situation.

1. Assume that p = X1 · . . . · X9 where orn(p) = + + + + � � � + +. If we reduce the part
� �++ to obtain p

0 = X1 · . . . ·X5, then orn(p0) = + + + + �. In this case, p is admissible
whereas p0 is not (Figure 4(a)).

2. Assume that p = X1 · . . . ·X7 where orn(p) = + ++++��. If we reduce the part ++��
to obtain p

0 = X1 ·X2 ·X3, then orn(p0) = +++. In this case, p is not admissible whereas p0 is
(Figure 4(b)).

For any sequence of orientations � and any of its reduced form, the following properties hold, which
are easily proved.

Proposition 1. 1. (termination)
The reduction procedure terminates.

2. (rotation di�erence preservation)
The rotation di�erence is preserved in the reduction.

3. (reduced form)
Let s be either + or �. A reduced form is �1�2�3 where �2 is a nonempty sequence of s, and �1 and
�3 are the sequences of at most two inv(s).

Generally, a reduced form of � is not unique. For example, when � = +++��+��, if we apply
(r2) �rst, then we get the reduced form ✏; whereas if we apply (r1) �rst, then we get the reduced form
+�. However, admissibility of these reduced forms are the same.

In addition to Proposition 1, reduction has a signi�cant property of preserving admissibility.

Theorem 2 (admissibility preservation). An scurve is admissible if and only if its reduced form is
admissible.
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4.2. Judgment of Admissibility

For a given scurve p, we determine its admissibility by checking its orientation.
Let p = X1 · . . . ·Xn be a reduced form of a given scurve, and k be its rotation di�erence.
Generally it is known that if the rotation angle of a curve is greater than or equal to 2⇡, then it forms

a spiral and may have a self-intersection point on a two-dimensional plane. If k � 4, the rotation angle
of an scurve is greater than or equal to 2⇡; in this case, p is not admissible. Therefore, it is enough to
investigate the admissibility in the cases for k  3.

When n is more than eleven, k � 4 always holds, since there exist at most two segments at each end
of a sequence that have the opposite orientation to those in the center of the sequence. It follows that
any embedding of p is closed, and thus p is not admissible. When n is less than twelve, we investigate
the admissibility of all possible orientations for scurves [5, 6]. Due to the symmetry of the orientations
+ and �, and that of the order of the sequence, symmetric orientations need not be investigated. The
introduction of the reduction signi�cantly decreases the number of sequences to be checked, since the
length is shortened and the reduced forms are restricted as is shown in Proposition 1. For example, we
should examine four cases when n is six, and only one case when it is eleven. And we conclude that for
any scurve, its admissibility can be determined by the sequence of its orientation, and we have gotten
the following theorem.

Theorem 3. p is admissible if and only if k  3, where k is the rotation di�erence of the orientation of p.

5. Related Works

Embedding of curves and their intersection are frequently handled in geometry or graph theory. In
geometry, shapes with strict curvatures are considered; and in graph theory, connectivity between
nodes is the main target to be discussed and convexity of an edge is out of focus. The QSR approach
taken in this paper treats these issues from yet another viewpoint; it is suitable for human’s recognition
of abstract shapes and reasoning on an abstract level.

Although there have been lots of research on QSR, few of them focus on shapes, especially on curves.
Several systems in these works divide the boundary of an object into segments and represent its shape
by lining up the symbols corresponding to the segments [7, 8, 9]. Segments are usually equipped with
information of its shape related to their subsequent segments. Additional information such as relative
length and angle may be added to each segment [10, 11].

Several QSR systems have been proposed which focus on relative directions. Moratz et al. proposed
OPRA that represents the relative direction of spatial entities as a ternary relation [12, 13]. In OPRA, a
primitive object is considered as a vector with its initial point and terminal point, which has a similar
feature with our formalization. However, the primitive object in OPRA does not have a convexity as an
attribute, which means that OPRA cannot be applied to the generation of a smooth curve by connecting
objects.

6. Conclusion

In this paper, we have discussed the treatment of curves in a symbolic expression, focusing on the
admissibility of the curves. In conclusion, we have shown that the admissibility of a curve can be
determined by its orientation sequence: if the rotation di�erence is less than or equal to three, the curve
is admissible. We have introduced reduction rules that signi�cantly decreases the number of sequences
to be checked. This framework provides a novel approach for reasoning about the shapes of curves on
a two-dimensional plane, ensuring that they do not form spirals.

It is to be considered to improve the reasoning system by relaxing the conditions on the application
of the reduction rules. In addition, we are considering formalization of the obtained result as a QSR
system, and also veri�cation using proof assistant systems to certify the proofs.
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